DEP'T OF MATHEMATICS LINEAR OPTIMIZATION 2012E.C/20206G.C

Contents
CHAPTER ONE: LINEAR PROGRAMMING AND MODELS OF PRACTICAL
PROBLEMS ... e e e e e et e e e e e e e e s e et e e e e e e e e s e nbrrreeeaeas 2
1.1. Definition of optimization and its classification ..............cccccovveiiiiiiiine i 2
1.2.  Models and Model building in 0ptimization ..............ccceiieiiiiiei e 4
1.3.  Some examples of practical problems ... 8
CHAPTER TWO: SOLUTIONS OF LINEAR PROGRAMMING AND SOME BASIC
THEOREMS .ot e e e e e e e et e e e e e e e e e e et e r e e e e e e e e s s annnbraraaeeens 14
Y oo [0 T 1 o o TR STR 14
2.1.  Polyhedral SetS and CONVEX SELS .......ccoiiiiiiiiiiiie ittt 14
2.2.  Convex set and the corner point theorem ... 16
2.3, Graphical METNOG .........cooiiiiiei e 18
2.4, THE SIMPLEX METHOD ...ttt 24
2.4.1.  Linear programs in standard fOrm ..........cccooiiiiiii i 24
2.4.2.  Basic feasible solutions (BFS) ........ccooiiiiiiiiiiieeee e 26
2.4.3.  Improving a basic feasible SOIULION ...........cccvveiiiie i 31
2.4.4. Termination: Optimality and Unboundedness ............cccceeviveeiieeeiiieesiiee e, 39
2.4.5.  The Simplex Algorithm (Minimization problem) ..........ccccccooeiviiieiiie e, 46
2.4.4.  The simplex method in Tableau format ............cccccooiveiiiie i, 51
2.4.5. Finding a starting basic feasible solution ...............ccccoviii i, 59
CHAPTER THREE: Duality Theory and further variations of the simplex method .......... 77
3.1, Dual lINEAK PrOQIAIMS ......vvieiiiee et et e ettt e et e e st e et a e st e e s e e e e srae e e snaeeesnaeeesnreeeaneeas 77
3.1.1.  Formulation of the dual problem ............cooie e 77
3.2.  Primal-Dual relationShips.........ccoviiiiii i 84
3.3.  The Dual SImplex Method.............coooiiiiiie e 86



DEP'T OF MATHEMATICS LINEAR OPTIMIZATION 2012E.C/20206G.C

CHAPTER ONE: LINEAR PROGRAMMING AND MODELS OF PRACTICAL
PROBLEMS

1.1.  Definition of optimization and its classification

Optimization is the selection of a best element or solution of a problem (with regard to some
criterion) from some set of available alternatives. Optimization is also called mathematical

programming.

Moreover, optimization (mathematical programing) is:

o0

¢+ the process of obtaining the ‘best’, if it is possible to measure and change what is ‘good’
or ‘bad’.

concerned with finding the best (optimal) solution of a problem.

defined as the process of finding the conditions that give the maximum or minimum
value of a function.

the act of obtaining the best result under given circumstance.
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In optimization one investigates problems of the determination of a minimal point of a functional
on a nonempty subset of a real linear space. To be more specific this means: Let X be a real linear
space, let S be a nonempty subset of X, and let f : S —R be a given functional. We ask for the

minimal points of F on S. An element x € S is called a minimal point of f on S if

f(x) < f(x)forall x €S.
The set S is also called constraint set and the functional f is called objective functional. Moreover,
the constraint set S is also called feasible set or feasible region and the function f is called objective

function.

Mathematically, general optimization (mathematical programming) is defined as:

optimize (X)) . (2.1)

XeS
The expression in (2.1) is called general optimization (mathematical programming) problem and
in the problem to optimize means that either to maximize or to minimize.

In particular, maximize f (X) is a maximization optimization problem and minimize f (x)
XxeS xeS

is a minimization optimization problem.

In optimization problem one seeks to maximize or minimize a specific quantity, called the
objective, which depends on a finite number of input variables. These variables may be
independent of one another, or they may be related through one or more constraints.
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In this course, we are interested in problems in which S is a subset of finite dimensional real space
R™ and a real valued function f. Frequently, the definition of S involves system of equations and
inequalities, which we call constraints.

The simplest case is when S = R™ and such a problem is called the unconstrained optimization
problem. If S is a strict subset of the space R™(S < R™), we call the problem is constrained
optimization problem.

Generally, based on the functions involved in the optimization problem (in the objective and
constraint set) it can be divided in to linear and Nonlinear optimization problem.

» If the objective function f is linear function and the constraint set S is defined by finitely
many linear equations and inequalities, the problem is called linear optimization problem
(LOP) or linear programming problem (LPP).

» If the objective function f or some of the equations or inequalities defining the feasible set
S are nonlinear, the optimization problem is called the nonlinear optimization (or nonlinear
programming) problem.

A mathematical programming is a problem in which the objective and constraints are given as
mathematical functions and functional relationships. Mathematically, optimization (mathematical
programming) is defined as:

Optimize z = [ (xq, %y, ..., Xp)

g1(X1, X2, e\ Xp) < b,
Subject to gZ(xl’x:Z’ X)L b:Z (2.2)
: > :
gm(xlleI LA xn) bm

Each of the m constraint relationships in (2.2) involves one of the three signs <, >, =.
Unconstrained mathematical programs are covered by the formalism (2.2) if each function g;,

fori=1,2,..,m,is chosen as zeros and each constant b;(i = 1,2, ..., m) is chosen as zero.
A mathematical programing (2.2.) is linear if f(xy,x5,...,x,) and each g;(xy, x5, ..., x,,)
(i =1,2,...,m) are linear in each of their arguments, that is, if

fOe, X0, e, X)) = €121 + CX5 + -+ + CpXy (2.3)
and  g;(xq, X3, o, Xp) = Qi1 Xq F A Xy F 0 F A Xy (2.4)
where ¢; and a;; (i = 1,2,...,m;j = 1,2,...,n) are known constants.

In addition to this, Linear programming (LP) is the problem of optimizing (maximizing or
minimizing) a linear function subject to linear constraints. A wide variety of practical problems,
from nutrition, transportation, production planning, finance, personal scheduling, and many more
areas can be modeled as linear programs.
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Therefore, the basic mathematical definition of linear programming problem is

max/minz =c;xq + X5 + -+ CpXyp
Subjectto  a;;x; + a;px, + 0+ agpx, {S, 2, =1by

az1X1 + Ar2Xy + -+ ArnXny {S, 2, =}b2

Am1X1 + QaXa + -+ Qpnxn {S, 2, =}by,
X1,X5, 0, Xp =0

Here cx; + cyx, + -+ + ¢, x5, IS the objective function (or criterion function) to be minimized or
maximized. The coefficients c,, ¢, ..., ¢, are known as cost coefficients and x4, x5, ..., x,, are the
decision variables to be determined. The constraints x,x,, ..., x, = 0 are the non-negativity
constraints.

Note:
1. f(x) > max, x €S isa maximization problem (i.e., the maximum value of f in the set S).

2. f(x) > min,xeS isa minimization problem (i.e., find the value x €S such that
f(x) < f(x),vxeS).

3. The set S is called feasible set or constraint set.

Each element of S is called feasible solution.

5. The function f is called objective function of the problem (i.e., the function to be optimized is
called objective function).

6. If x" €S such that either f(x)< f(x),vxeS or f(x)> f(x),vxe§S, then x" is called
optimal(best) solution or optimal point.

&

> f(x*)zf(x),VXGS<:>f(x*):masxf(x).
> ()< f(X),VxeS & F(x)=minf(x).

> The value of objective function at the optimal solution, f (x"), is called optimal

value.
Remark:
1. A minimization optimization problem can be converted to maximization optimization
problem and vise verse.
Proof: Exercise!

1.2. Models and Model building in optimization

*Models are abstractions of reality and/ or representation of a particular thing, idea, or condition.
A mathematical model is a description of a system using mathematical concepts and language. The
process of developing a mathematical model is termed as mathematical modeling.
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Mathematical models are used in the natural sciences and engineering disciplines, as well as in the
social sciences. Physicists, engineers, statisticians, operations research analysts, and economists
use mathematical models most extensively.

*In general, a model may help:

» To explain a system in a simple way,
» To study the effects of different components and
» To make predictions about behavior.

*Moreover, a mathematical model can be broadly defined as a formulation or equation that
expresses the essential features of a physical system or process in mathematical terms.

Mathematical models are also idealized representations, but they are expressed in terms of
mathematical symbols and expressions. Similarly, the mathematical model of a business problem
is the system of equations and related mathematical expressions that describe the essence of the
problem.

Although we refer to the mathematical model of a business problem, real problems normally don’t
have just a single “right” model. It is even possible that two or more completely different types of
models may be developed to help analyze the same problem.

Mathematical models have many advantages over a verbal description of the problem. One
advantage is that a mathematical model describes a problem much more concisely. This tends to
make the overall structure of the problem more comprehensible, and it helps to reveal important
cause-and-effect relationships. In this way, it indicates more clearly what additional data are
relevant to the analysis. It also facilitates dealing with the problem in its entirety and considering
all its interrelationships simultaneously. Finally, a mathematical model forms a bridge to the use
of high-powered mathematical techniques and computers to analyze the problem. Indeed,
packaged software for both personal computers and mainframe computers has become widely
available for solving many mathematical models.

Optimization models attempt to express, in mathematical terms, the goal of solving a problem in
the “best” way. That might mean running a business to maximize profit, minimize loss, maximize
efficiency, or minimize risk. It might mean designing a bridge to minimize weight or maximize
strength. It might mean selecting a flight plan for an aircraft to minimize time or fuel use. The
desire to solve a problem in an optimal way is so common that optimization models arise in almost
every area of application.

In solving real life problems mathematically, we should follow the following procedures:

1. Define the problem of interest and gather relevant data.

The first order of real life problem is to study the relevant system in detail and develop a well-
defined statement of the problem to be considered. This includes determining such things as the
appropriate objectives, constraints on what can be done, interrelationships between the areas to be
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studied and other areas of the organization, possible alternative courses of action, and time limits
for making a decision, and so on. This process of problem definition is a crucial one because it
greatly affects how relevant the conclusions of the study will be. It is difficult to extract a “right”
answer from the “wrong” problem!

Moreover, collection of relevant data, and identification of system constraints, restrictions or
limitations and selection of objective of the problem, parameter and decision variable are the basic
execution of this step.

2. Formulate a mathematical model to represent the problem.

After the decision maker’s problem is defined, the next phase is to reformulate this problem in a
form that is convenient for analysis. The conventional optimization problem (OP) approach for
doing this is to construct a mathematical model that represents the essence of the problem. Before
discussing how to formulate such a model, we first explore the nature of models in general and of
mathematical models in particular.

In general, in this stage the set of abstract mathematical formulae will be used to represent the
problem under study.

A crucial step in formulating an OP model is the construction of the objective function. This
requires developing a quantitative measure of performance relative to each of the decision maker’s
ultimate objectives that were identified while the problem was being defined.

3. Develop a computer-based procedure for deriving solutions to the problem from the
model.

After a mathematical model is formulated for the problem under consideration, the next phase in
real life problem study is to develop a procedure (usually a computer-based procedure) for deriving
solutions to the problem from this model. You might think that this must be the major part of the
study, but actually it is not in most cases. Sometimes, in fact, it is a relatively simple step, in which
one of the standard algorithms (systematic solution procedures) of the problem is applied on a
computer by using one of a number of readily available software packages.

A common theme in optimization problem is the search for an optimal, or best, solution. Indeed,
many procedures have been developed, and are presented, for finding such solutions for certain
kinds of problems. However, it needs to be recognized that these solutions are optimal only with
respect to the model being used. Since the model necessarily is an idealized rather than an exact
representation of the real problem, there cannot be any utopian guarantee that the optimal solution
for the model will prove to be the best possible solution that could have been implemented for the
real problem. There just are too many imponderables and uncertainties associated with real
problems. However, if the model is well formulated and tested, the resulting solution should tend
to be a good approximation to an ideal course of action for the real problem. Therefore, rather than
be deluded into demanding the impossible, you should make the test of the practical success of an

N6N
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optimization problem study hinge on whether it provides a better guide for action than can be
obtained by other means.

4. Test the model and refine it as needed (Model testing, analysis, and restructuring).

Developing a large mathematical model is analogous in some ways to developing a large computer
program. When the first version of the computer program is completed, it inevitably contains many
bugs. The program must be thoroughly tested to try to find and correct as many bugs as possible.
Eventually, after a long succession of improved programs, the programmer (or programming team)
concludes that the current program now is generally giving reasonably valid results. Although
some minor bugs undoubtedly remain hidden in the program (and may never be detected), the
major bugs have been sufficiently eliminated that the program now can be reliably used.

Similarly, the first version of a large mathematical model inevitably contains many flaws. Some
relevant factors or interrelationships undoubtedly have not been incorporated into the model, and
some parameters undoubtedly have not been estimated correctly. This is inevitable, given the
difficulty of communicating and understanding all the aspects and subtleties of a complex
operational problem as well as the difficulty of collecting reliable data. Therefore, before you use
the model, it must be thoroughly tested to try to identify and correct as many flaws as possible.
Eventually, after a long succession of improved models, the real problem team concludes that the
current model now is giving reasonably valid results. Although some minor flaws undoubtedly
remain hidden in the model (and may never be detected), the major flaws have been sufficiently
eliminated that the model now can be reliably used.

This process of testing and improving a model to increase its validity is commonly referred to as
model validation. It is difficult to describe how model validation is done, because the process
depends greatly on the nature of the problem being considered and the model being used.

5. Implementation.

After a system is developed for applying the model, the last phase of a problem study is to
implement this system as prescribed by user. This phase is a critical one because it is here, and
only here, that the benefits of the study are reaped. Therefore, it is important for the optimization
problem team to participate in launching this phase, both to make sure that model solutions are
accurately translated to an operating procedure and to rectify any flaws in the solutions that are
then uncovered.

In particular, a linear programming (LP) model is characterized by proportionality, divisibility,
additivity, and certainty.

» Proportionality means that the contribution toward the objective function and constraints

of decisions are directly proportional to its values, i.e., there are no economies of scale

such as quantity-based discounts. In particular, this means that decision variables in an LP
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are raised to the first power only. So terms of the form cixi% or ¢;x;% (where ¢; is a
coefficient and x; a decision variable) are not permitted in an LP.

> Divisibility means that the decision variables can take on any real number (integer,
rational or irrational).

» Additivity means that the contribution of a decision variable toward the objective or
constraints does not depend on other decision variables. In other words, the total
contribution is the sum of individual contributions of each decision variable.

» Certainty means that the data used as coefficients for a linear programming model, such
as the objective coefficients C and constraint coefficients A and b, are known with
certainty. For example, it is assumed in the diet model that the cost of one serving of
bananas is 10 cents and that one serving of peanut butter provides 130 grams of fat, and
these values are assumed as correct or valid for the model.

*In general the relation between real problem, mathematical model, solving the model and
interpretation can describe as the diagram below.

Physical model

Verification
Mathematical Model

Physical explanation of the results/ Interpretation of the results

Presentation|of results

VisualizatioT

Solve the model with Numerical
or analytical methods

N

Mathematical theorems Computer
/Numerical analysis Programming

Fig. 2.1 Relationship of real problem, Mathematical model and numerical/analytical method

1.3. Some examples of practical problems
e Diet problem
e Production planning problems
e Transportation problems
e Assignment problems



DEP'T OF MATHEMATICS LINEAR OPTIMIZATION 2012E.C/20206G.C

Example 1. (Diet problem)
Due to a limited budget you would like to find the most economical mix of food items subject to
providing sufficient daily nutrition. The available food items are peanut butter, bananas, and
chocolate, and the cost per serving is 20 cents, 10 cents, and 15 cents, respectively. The amount of
nutrients of fat, carbohydrates, and protein per serving of peanut butter is 130 grams, 51.6 grams,
and 64.7 grams. For bananas, the amounts of these nutrients per serving are 1 gram, 51 grams, and
2 grams, whereas for chocolate the amounts per serving are 12 grams, 22 grams, and 2 grams.
Suppose it is decided by a dietician that you need at least 35 grams of fat, at least 130 grams of
carbohydrate, and at least 76 grams of protein daily. Then, a combination of these three food items
should provide you with sufficient amounts of each nutrient for the day. Formulate a mathematical
programming diet problem to find the least cost of the food items that provide a sufficient amount
of nutrients.
Solution: The problem of determining the least cost combination of the food items that provide a
sufficient amount of nutrients can be represented as a problem of the following form:
Minimize cost of food items used
Subject to food items must provide enough fat
food items must provide enough carbohydrates
food items must provide enough protein

This form of the problem reveals two major components, i.e.,
i) there is a goal or objective (minimize cost of food items used) and
i) a set of constraints that represent the requirements for the problem (food items must
provide enough nutrition). A linear programming problem will exhibit the same form, but
with mathematical representations of the components of the problem.
In general, a linear program will consist of decision variables, an objective, and a set of constraints.
To illustrate the formulation of the diet problem as a linear program, let
Xpp = serving of peanut butter
xp = serving of bananas
x. = serving of chocolate
These variables represent the quantities of each food item to be used and should be non-negative,
I.e., xpp = 0,x, = 0 and x. = 0, and are called decision variables since they must be determined.
The total cost associated with any particular combination of food items, x,,, x, and x. s,
z= 0.20x,, + 0.10x, + 0.15x; ..oeennne.. (2.2.1)
Which says that the total cost of food items used is the sum of the costs incurred from the use of
each food item.
To ensure that the mix of the three foods will have enough fat one can impose the following linear
inequality constraint
130x,p, + xp +12x, = 35,........... (2.2.2)

N9N
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Which expresses that, the total amount of fat from the three food items should be at least the
required minimum of 35 grams.
Similarly, one can impose the inequality

51.6xp,, + 51x, + 22x, = 130,........... (2.2.3)
to ensure that a combination of food items will have enough carbohydrates and finally impose the
constraint

64.7xpp + 2xp + 2%, 2 76,........... (2.2.4)

to ensure enough protein.

Then, the diet problem linear program can be expressed as
minimize Z = 0.20x,, + 0.10x;, + 0.15x,
subject to  130x,, + x, + 12x, = 35
51.6x,, + 51x, +22x, = 130 ..o, (2.2.5)

64.7xpp + 2xp + 2x, 276
Xpp, Xp, Xc = 0

The problem can be interpreted as the problem of determining non-negative values of
Xpp, Xp and x. S0 as to minimize the (cost) function Z = 0.20x,, + 0.10x;, + 0.15x, subject to
meeting the nutritional requirements as embodied in the constraints (2.2.2)—(2.2.4). The function
Z = 0.20xp, + 0.10x, + 0.15x, is called the objective function and the objective is the
minimization of this function. It is important to observe that the objective function and the left
hand sides of the constraints are all linear, i.e., all variables are taken to the power of one.

The diet problem highlights the major components of a linear programming problem where an LP
problem consists of decision variables, an objective (optimize a linear objective function), linear
constraints and possibly some sign restrictions on variables. The diet problem can be generalized
to where there are n types of food items and m nutritional requirements, where x; represents the
number of serving of food item i(i = 1,2,..,n), c; is the cost of one serving of food item i(i =
1,2,..,n), a;; is the amount of nutrient i in one serving of food item j(j = 1,2,..,m) and b; is the
minimum amount of nutrient j required (j = 1,2,..,m). Then, the general formulation of the diet
problem can be written as
minimize z = ¢1Xq + Caxy + -+ Xy,
Subject to A11X1 + A12%5 + -+ apXy = by
Ay1X1 + AppXy + -+ AypX, = b,

Am1X1 + QaXy + o+ QnXy = by
X1, X9, e, Xy =0
In matrix form, the general diet problem can be represented as;
minimize z = ctx
subjectto Ax=b, x=0
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X
Where x = ;2 is the vector of food items,

a;; Q12 A1n a.t
a ar» aorn 1 . . . . . . .
A= "2 ‘ =| ¢ [isamatrix of dimension mxn and a;* is an n-dimensional
: t
A1 %mz " Qpn am

row vector that represents the j&* row of A, i.e., the total amount of nutrient j that would be
obtained from the amount of food items given by x,

(o8} bl

c . . . .
c=| 2| is the vector of costs of food items, and b = b:z is the vector of nutrition

c bm

requirements.
For example, for the diet problem (2.2.5) we have n = 3 and m = 3 with

130 1 12 0.20 Xpb 35
A=|516 51 22),c=(0.10)x=| *» Jand b = 130 |.
647 2 2 0.15 Xc 76

pr
The objective functionis ¢tx = (0.20 0.10 0.15) ( Xp ) = 0.20x,, + 0.10x;, + 0.15x.
Xc
pr-
The first constraint is ajx = [130 1 2]|%» [ = 130x,, + x}, + 2x, = by = 35.
Xc |
X
The second constraint ajx = [51.6 51 22]|%» [ = 51.6x,, + 51x, + 22x. = b, = 130.
xC

Xph
The third constraint is alx = [64.7 2 2] [xb] = 64.7x,p + 2x, + 2x. = b3 = 76.
Xc

Example 2. (Transportation problem)

Reactiveeno Inc. is a company that produces a special type of facial cream that aids in reducing
acne. This product is manufactured in n plants across North America. Every month the facial cream
product is shipped from the n plants to m warehouses. Plant i has a supply of u; units of the
product. Warehouse j has a demand of d; units. The cost of shipping one unit from plant i to
warehouse j is c;;. The problem of finding the least-cost shipping pattern from plants to
warehouses can be formulated as LP.

Solution: Let x;; be the number of units of product shipped from plant | to warehouse j. so the

objective is to minimize the cost of shipping over all possible plant warehouse pairs. There are two
classes of constraints. One class of constraints must ensure that the total amount shipped from a
plant i to warehouse j, i.e., X7, x;; does not exceed the supply u; of plant I, whereas the other

class of constraints ensures that the demand d; of a warehouse j is met from the total amount
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221 x;; shipped by plants. Then, the transportation problem can be formulated as the following
LP.

n m
Minimize ZZC”XU-
i=1 j=1
Subjectto > x; <u;,i=1.,n

=1
> % =d;, j=1.,m
i=1

X; 20,i=1.,n,j=12,.,m
Example 3. (Production planning)

Consider a company that produces n different products. Each product uses m different resources.
Suppose that resources are limited and the company has only b; units of resources i available for
each i =1,2,..,m. Further, each product j requires a;; units of resources i for production. Each
unit of product j made generate revenue of p; dollars. The company wishes to find a production

plan that is the quantity of each product produce that maximize revenue. Formulate a mathematical
model of LPP.

Solution: the problem can be formulated as linear program. The first step is to define the decision
variables. Let x; be a decision variable that represents the amount of product j produced by the
company. Suppose that fractional amounts of a product are allowed and this amount should be
non-negative. Since a negative value for x; is meaningless. Then a production plan is represented
by a vector x = [xy, X5, ..., x,]". The contribution toward revenue from the production of x; units
of product j is p;x; and so the total revenue from a production plan x is then p;x; + p, x, +
.+ ppxp = Xj-pjx; . the contribution toward using resources | prom the production of x;
units of product j is X7, a;;x; and this quantity can be exceed by b;. Since total revenue to
maximized and resources limitation must be observed over all resources, then the LPP is
n
Maximize

J

pjxj
1
n

subject to Z a;jxj < b;,i=1,2,...m

j=1
X >0,j=12,..,n

Example 4. (Assignment problem)
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A special case of the transportation problem above is when there are as many plants as warehouses,
i.e., m = n and each warehouse demands exactly one unit of the product and each plant produces
only one unit of the product, i.e., d;=u; = 1. Then the model takes the follwing form

n n
Minimize ZZCUXij
i j-L

Subjectto > x; =1i=1.,n

j=1
2% =Lj=1..n
i=1

X; =20,i=1.,nj=12.,n
This special case is known as the assignment problem and has the interpretation of matching
persons with jobs so that each person gets one job and each job gets one person. c;; in this context

represents the cost of assigning person 1 to job j. this quantity can reflect the different skill levels
of workers,

Example 5. (Product mix problem)

A manufacturing process requires three different inputs; A, B, and C. A sandal soap of the first
type requires 30 grams of A, 20 gram of B and 6 gram of C, while this data for the second type of
soap is 25, 5 and 15, respectively. The maximum availability of the inputs A, B and C are 6000,
3000, and 3000 grams, respectively. The selling prices of the sandal soap of the first and second
type are $ 14 and 15 respectively. The profit is proportional to the amount of soaps manufactured.
How much soap of the first and second kinds should be manufactured to maximize the profit?
Assume that the market has unlimited demand. Formulate the mathematical model of the problem.

Solution: left as exercise!
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CHAPTER TWO: SOLUTIONS OF LINEAR PROGRAMMING AND SOME
BASIC THEOREMS

Introduction

Linear programs can be studied both algebraically and geometrically. The two approaches are
equivalent, but one or the other may be more convenient for answering a particular question
about a linear program.

The algebraic point of view is based on writing the linear program in a particular way, called
standard form. Then the coefficient matrix of the constraints of the linear program can be analyzed
using the tools of linear algebra. For example, we might ask about the rank of the matrix, or for a
representation of its null space. It is this algebraic approach that is used in the simplex method.

The geometric point of view is based on the geometry of the feasible region and uses ideas such
as convexity to analyze the linear program. It is less dependent on the particular way in which the
constraints are written. Using geometry (particularly in two-dimensional problems where the
feasible region can be graphed) makes many of the concepts in linear programming easy to
understand, because they can be described in terms of intuitive notions such as moving along an
edge of the feasible region.

There is a direct correspondence between these two points of view. This chapter will explore
several aspects of this correspondence.

2.1. Polyhedral sets and convex sets

Definition 3.1 A polyhedral set is a set that can be described in the form P = {xeR"|Ax < b},
where A is mxn matrix and b is a vector in R™.

Definition 3.2 Let P be a polyhedron. A vector xeP is an extreme (or corner) point of P if we
cannot find two vectors y, zeP, both different from x and a scalar A¢€[0,1] such that x = 1y +
1=z

Figure 3.1 The vector w is not extreme point because
it is a convex combination of v and u. The vertex X is
extreme point; if x =4y + (1 — 1)z and 4 € [0,1],
then either y ¢ P,orz € Porx =yorx = z.




DEP'T OF MATHEMATICS LINEAR OPTIMIZATION 2012E.C/20206G.C

The feasible set of any linear programming problem can be described by inequality constraints of
the form Ax < b, and is therefore a polyhedron. In particular, a set of the form {x € R"|Ax =
b, x = 0} is also a polyhedron and will be referred to as a polyhedron in standard form.

A polyhedron can either “extend to infinity” or can be confined in a finite region. The definition
that follows refers this definition.

Definition 3.3 A set S € R™ is bounded of there exists a constant K such that the absolute value
of every component of every element of S is less than or equal to K.

The next definition deals with polyhedra determined by a single linear constraint.
Defintion 3.4 Let a be a nonzero vector in R™ and let b be a scalar.

a) The set {x € R"|ax=Db} is called a hyperplane.

b) The set {x € R"|ax<b} is called a half space.

Note that a hyper plane is the boundary of a corresponding half space. In addition, the vector a in
the definition of the hyper plane is perpendicular to the hyper plane itself. [To see this, note that if
x and y belong to the same hyper plane, then ax = ay. Hence, a(x — y) = 0 and therefore a is
orthogonal to any direction vector confined to the hyper plane.] Finally, note that a polyhedron is
equal to the intersection of a finite number of half spaces.

- *

'q:..q,..id.gl. P T T )
e o LT Tk B ke e et ey
R A o R A ey
Y e L Ll

A A
L L L

(a) (b)

Figure 3.2
(a) A hyper plane and two half spaces.
(b) The polyhedron {x|a’; = b;,i = 1,2, ...,5} is the intersection of five half space. Note that
each vector a’; is perpendicular to the hyperplane {x|a’; = b;}
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Note: The intersection of a finite number of closed half spaces is called a polyhedron (or
polyhedral set). A bounded polyhedron is called a polytope. So the feasible set P of any linear
program is a polyhedral set.

2.2. Convex set and the corner point theorem

Convex set

Definition 3.2.1 A set S € R™ is convex if for any x,y € S and any A € [0,1], we have
Ax+ (1 -2AyeES.

Note that if A € [0,1], then Ax + (1 — A)y is a weighted average of the vectors x, y and therefore
belongs to the line segment joining x and y. Thus, a set is convex if the segment joining any two

Figure 3.3 The set S is convex, but the
set Q is not, because the segment
joining x and y is not contained in Q.

Definition 3.2.2 Let x",..., x* be vectorsin R" and let 4,,..., 4, be nonnegative scalars whose
sum is unity. Then
k -
a) The vector Z A,x' is said to be a convex combination of the vectors x*,..., x*.
i=1
b) The convex hull of the vectors x%,..., x*is the set of all convex combination of these
vectors.

Figure 3.4 The convex hull of seven points in 2-
dimensional space.

Theorem 3.1
a) The intersection of convex sets is convex.
b) Every polyhedron is a convex set.
c) A convex combination of a finite number of elements of a convex set also belongs to that
set.
d) The convex hull of a finite number of vectors is a convex set.
Proof:
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a) Suppose there is an arbitrary collection of convex sets S; indexed
by the set I. Consider the intersection N;-;5; and let = and y be elements of
this intersection. For any A € [0, 1], then > = Az + (1 — A\)y is in every set .S;
since x and y are in 5; for every ¢ € I and 5; is a convex set. Thus, M;c;.5; is
a convex set. ll

{b) Let a be a vector and let b a scalar. Suppose that x and y =atisfy
ax = bdand a’'y = b, respectively, and therefore belong to the same
halfspace. Let A £ [0, 1]. Then, a’{Ax+ (1 - A)y) = M+ ({1 - =5,
which proves that Ax + (1 — A)y also belongs to the same halfspace.
Therefore a halfspace is convex. Since a polvhedron is the intersaction
of a finite number of halfspaces, the result follows from part {a).

(e} A convex ccmbination of two elements of a convex set lies in that

got, by the defin'tion of convexity. Let us assume, as an induction
hypothesis, that a convex combination of k elements of a2 coovex set
belongs to that set. Consider k + 1 elements x', ..., x**! of a convex
set & and let Ay,. ... be nonnegative scalars that sum to 1. We

assume, without loss of generality, that Agyes # 1. We then have

k+1
E .-:.; I = .-}L.t lx_t‘l 1 -+ |:l —_ .1}':.1_1} E 1 — }Lk =", I::_E_-I.:l
The coefficients A; /(L — Apq), 1 = 1, . k. are nonnegative and sum

to unity; using the induction h}rpﬂt-hEELE E o, Aaxt (1 - f-'l.H_l] = 5.
Then, the fact that S is convex and Eq. (2.1) imply that Efi,] X' e
&, and the induction step is complete.

{d) Let S be the convex hull of the vectors x!,...,x* and let ¥y =
Sk c x', z= %%  6;x' be two elements of 5, where § = C, ¢; > 0,
and 5°F ¢ =%% 8 =1. Let A € [0,1]. Then,

ke ke ke
Ay +(1—A)z =2 Cx'+(1—A) D _fx* =D (AG+(1—A)8)x

i=| i=1
We note that the ccefficients A + (1 — A)8;, ¢ = 1,..., k, are non-
negative and sum to unity. This shows that Ay + (1 — A}z is 1 convex
combination of x',...,x* and, therefore, belongs to 5. This estab-
lishes the convexity of 5. Ll

Note: The union of Convex set is not necessarily convex. For instance, the sets
A={(x,y) ER*|Ix+y<1,x>0,y=>0}and B ={(x,y) E R?|0 < —y < 1,1 > —x > 0} are
Convex sets, but A U B is not convex (Take z = 1(0,1) + (1 — A)(—0.5,-0.5) for A = %
z ¢ AUB).

Theorem 3.2: If a linear programming problem has an optimal solution, then it has an optimal
solution on a corner point of the feasible region.
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Proof: Suppose that z* = ¢x 1s an optimal solution. If x 1s a corner point, then we are done.
Suppose that x 1s not a corner point, then there are corner points of the feasible region such that
there are x; and «; that Zo{ X; = xand Zo{ ; = 1. Then
cx = c¢(Q_aiX;) = D_caiX; = »_0;x; < »_q;z° < . Since =* = ¢x, every step here is an
equality. So ¢x; = =" for all 7. Also this shows that x 1s only optimal 1f it 1s a convex
combination of optimal corner point solutions.

Theorem 3.3 The feasible region of a linear programming problem has a finite number of corner
points.

: : m+n
Proof: Suppose that there are n equations and n + m variables. Then there are at most ( J
n

ways to choose that n-linearly independent columns of the coefficient matrix A of the LPP.
Theorem 3.4 If a corner point has no adjacent corner point that has better objective function value,
then there is no other corner point with better objective value.
Proof: Left as an exercise!
A linear programming problem (LPP) can be solving using;

A) Graphical method or

B) Simplex method

2.3.  Graphical method

We describe here a geometric procedure for solving a linear programming problem. Even though
this method is only suitable for very small problems, it provides a great deal of insight into the
linear programming problem.

The forgoing process is convenient for problems with two variables and is obviously impractical
for problems with more than three variables.

In general, there two graphical(goemetricaln methds of solving a LPP;
i) Corner point method
i) Iso-profit (or 1so-cost) method

Basic procedures of corner point method:
Let Z = ax + by and S is a feasible region of an LPP. Then,
» Sketch the graph of the feasible region S
Determine all extreme points of S
Evaluate the objective function, Z, at each extreme point.
Choose the extreme point at which Z is largest(smallest) for maximization (or
minimization) problem. That is, the largest value is maximum value and the smallest is
minimum value for the problem.

YV V V

Basic procedures of Iso-profit (Iso-cost) method:
Let Z = c;x; + c,x, and S is a feasible region of an LPP. Then,
» Sketch the graph of the feasible region S in x; — x, plane.
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> If S is nonempty, choose x = (x;,x3) € Sand let f(x) = k.
Draw the graph of f(x) = k or c;x; + ¢c,x, = k. The straight line c;x; + cyx, =k is
called Iso-profit line for the maximization problem and Iso-cost for minimization problem.
It is also called contour line or objective line or z-line.
» Translate the z-line parallel to itself in the direction of improvement of z until it reaches
the last intersection with S.
To be more specific, consider the following problem.

Minimize .4

Subjectto Ax=> b
x>0

Note that the feasible region consists of all vectors x satisfying Ax > b and
x > 0. Among all such points we wish to find a point with minimal cx value.
Note that points with the same objective z satisfy the equation c¢x = z, that is,

7=16;%; = z. Since z is to be minimized, then the plane (line in a two-dimen-
sional space) 2'_,c;x; = z must be moved parallel to itself in the direction that

=1

minimizes the Jobjécl{ive most. This direction is —e¢, and hence the plane is
moved in the direction —c¢ as much as possible. This process is illustrated in
Figure 3.5. Note that as the optimal point x* is reached, the line ¢,;x, + c,x, =
z*, where z* = ¢, x¥ + c,x3, cannot be moved farther in the direction —c¢ =
(—¢,, — ¢,) because this will lead to only points outside the feasible region. We
therefore conclude that x* is indeed the optimal solution. Needless to say, for a
maximization problem, the plane e¢x = z must be moved as much as possible in
the direction c.

It is worth nothing that the optimal point x* in figure 3.5 is one of the five corner points that are
called extreme points. The broken lines are called Iso-profit lines of the problem.

Objective

7
// ’

easible region

s / decreases
-
o 772544 .
T O i ey

T—.
€4

- Xyt Xy T 2y, 2, < 3
B

Xy + oox, = 2

¢ Figure 3.5 Geometric solution
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Example 1.
Minimize —x;—3x,
Subject to X+ x,< 6
—x,+2x,< 8
0

Xy, Xp2

The feasible region is illustrated in Figure 3.6. The first and second con-
straints represent points “below” lines 1 and 2 respectively. The nonnegativity
constraints restrict the points to be in the first quadrant. The equations — x,
— 3x, = z are called the objective contours and are represented by dotted lines
in Figure 1.4. In particular the contour —x, — 3x, = z = 0 passes through the
origin. The contours are moved in the direction —¢ = (1, 3) as much as possible

until the optimal point (4/3, 14/3) is reached.

Figure 3.6 Numerical example

In this example we had a unique optimal solution. Other cases may occur
depending upon the problem structure. All possible cases that may arise are

summarized below (for a minimization problem).

1. Unique Finite Optimal Solution. If the optimal finite solution is unique,
then it occurs at an extreme point. Figures 3.7a and b show a unique
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optime’ solution. In Figure 3.7a the feasible region is bounded; that is,
thers is a ball around the origin that contains the feasible region. In Figure
3.7b the feasible region is not bounded. In each case, however, the unique
optimal solution is finite.

- / /
Unique .~ P -
optimal ~ ] e

Unique e
i -
optimal P
-
~
~
-
-
~
~
-
-
-~
-
//
b
e {a) ¢ (b)

Figure 3.7. Unique finite optimal solution: (@) Bounded region. (b) Unbounded
Region.

2. Alternative Finite Optimal Solutions. This case is illustrated in Figure 3.8.
Note that in Figure 3.8a the feasible region is bounded. The two corner
points x¥ and x} are optimal, and also any point on the line segment
joining them. In Figure 3.8b the feasible region is unbounded but the
optimal objective is finite. Any point on the “ray” with vertex x* in Figure
3.8p is optimal.

™~ Optimal
~ Alternative ray o
optima -

7 //
//////

¢ (b}

//

Figure 3.8. Alternative finite optima: (a) Bounded Region. () Unbounded Region.



DEP'T OF MATHEMATICS LINEAR OPTIMIZATION 2012E.C/20206G.C

\ Obijective contours can
be moved indefinitely
) in the direction —c

y? \ \ \ A

Figure 3.9. Unbounded optimal solution.

3. Unbounded Optimal Solution. This case is illustrated in Figure 3.9 where
both the feasible region and the optimal solution are unbounded. For a
minimization problem the plane cx = z can be moved in the direction —c¢
indefinitely while always intersecting with the feasible region. In this case
the optimal objective is unbounded with value — co.

4, Empty Feasible Region. In this case the system of equations and/or in-
equalities defining the feasible region is inconsistent. To illustrate, consider
the following problem.

Minimize — 2x,+3x,

Subjectto —x,+2x,<2
2x,— x,<3

x,> 4

Xy, XxX,20

Examining Figure3.10, it is clear that there exists no point (x, x,) satisfying
the above inequalities. The problem is said to be infeasible, inconsistent, or
with empty feasible region.
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— x, = 0

26, — x5 = 3
—xy + 2x, < 2

Xy = 4

-0 hO
L FI it
—

W wjm
——

t < s
8 ~/T3

Figure 3.10. An example of an empty feasible region.

Theorem:(Existence of optimal solution)
i) If S is bounded feasible region, then the LPP has max. and min. value of S.

i) If S is unbounded feasible set, then max or min value of an LPP may not exist. But, if
S is unbounded and the coefficients of z are positive, then z has min. value but has no

max. value.
iii) If S is empty set, then the LPP is infeasible.
Exercise: Solve the following LPP using graphical method (Corner point and Iso-profit ( Iso-cost) methods)
max z = 8x + 10y
1) s.t 2x+y <50
x+2y <70
x,y=0
AnS: The optimal solution is (10,30) and the value of objective function is 380.
max z = 20x + 30y
s.t x+y =50
2) x <30
y <40
x,y=0
Ans: The optimal solution is (30,20) and the value of objective function is 1200.
max z = 30x + 40y
s.t 2x+y =12
3) x+y=9
x+3y=>15
x,y=0
AnNS: The optimal solution is (6,3) and the value of objective function is 300.
maxz=x-+y
s.t x+2y <10
4 3x+2y<18

x,y=0
AnNs: The optimal solution is (4,3) and the value of objective function is 7.
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2.4.  THE SIMPLEX METHOD

The simplex method computations are particularly tedious, repetitive, and, above all, boring. As
you do these computations, you should not lose track of the big picture; namely, the simplex
method attempts to move from one corner point of the solution space to a better corner point until
the optimum is found. In this method the LPP must be expressed in the standard form. Simplex
method is also called algebraic method.

The development of the simplex method computations is facilitated by imposing two requirements
on the constraints of the problem:
1. Allthe constraints (with the exception of the non-negativity of the variables) are equations
with nonnegative right-hand side.
2. All the variables are nonnegative.

These two requirements are imposed here primarily to standardize and streamline the simplex
method calculations. It is important to know that all commercial packages directly accept
inequality constraints, nonnegative right-hand side, and unrestricted variables. Any necessary
preconditioning of the model is done internally in the software before the simplex method solves
the problem.

2.4.1. Linear programs in standard form

Any LPP problem can be converted to the standard minimization form. To write any LPP in the
standard minimization form:
v’ Express the objective function as minimization problem.
v' Transform all constraints to equality constraints by introducing nonnegative variables
called slack or surplus variables with nonnegative right hand side.
v Handle unrestricted and non-positive variables.

Note:

% Constant term in the objective function will not change the set of optimal solutions and
hence we can remove the constant term.
max(z + p) = maxz + maxp = max z + p, for some constant p.
min (z + p) = minz + minp = min z + p, for some constant p.
max z =< ¢, x > can be replaced by minzZ = —< ¢, x > and we have max z = —min Z.
A linear constraint that involves " < " can be converted in to an equality by adding a new
nonnegative variable to the left hand side of the inequality. Such a variable is numerically
equal to the difference between the right and left hand sides of the inequality and is known
as a slack variable. It represents the waste involved in that phase of the system modeled by
the constraint.

%

*

e

A
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% A linear constraint that involves " > " can be converted in to an equality by subtracting a
new nonnegative variable from the left hand side of the inequality. Such a variable is
numerically equal to the difference between the left and right hand sides of the inequality
and is known as a surplus variable. It represents excess input into that phase of the system
modeled by the constraint.

If b; < 0 in the constraint set of the LPP, then multiply the i" constraint by -1.
Unrestricted and non-positive variables

-If we have a non-positive variable x; < 0, then by substituting x; := —x; > 0 will be
satisfy the non-negativity condition.

-1f we have unrestricted variable x; € R, then we substitute x; = x; — x/’; x/,x;" = 0.

X/
X4

L)

X/
X4

L)

Example:
1. Transform the following problems to the standard form of LPP
b) min z = 2x; + x, — 6x3 — x4
S.t 3x;+x,+2x3+4x, <5
2x1 + 6x5 + x, < 25
10 > 4x; + 5x, = —6
X1+ x, + 2x3 + 2x, = —20
X1, X2 =0, x4,x3 ER

a) max zZ = 2Xx; — Xy +2x3— X,
s.t 3x;+x,+2x3+4x, <5
6X1 — X, —X3—X4 =3
—7x1 +5x, + x5+ 6x, = —6
X,X2 20, x3ER, x, <0

2.
Consider the following linear programming problem.
Minimize x,—2x,—3x;
Subject to x;+ x,+ x3< 6
X +2x,+4x,212
X|— Xp+ x32 2
X,, X», X, unrestricted
Convert the problem in to standard maximization problem.
3.

Sketch the feasible region of the set {x : Ax < b} where A and b are given
below. In each case state whether the feasible region is empty or not, and
whether it is bounded or not.

(1 1 6
a. A=|2 — 1 b=|6
K 1 2

[ —1 0] [ o
_ 0o -1 _| o
b. A 5 3 b 1
L1 =1 ] | 5
1 1] 4
c. A= -1 —2 b=| —12
-1 0 i 0
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4.
Consider the following problem.

Maximize 2x,+3x,

Subjectto  x;+ x,<

2
4x,+6x,< 9
0

V

Xy s X2

a. Sketch the feasible region.
b. Find two alternative optimal extreme (corner) points.
c¢. Find an infinite class of optimal solutions.

2.4.2. Basic feasible solutions (BFS)

Consider the system Ax = b and x > 0, where A is an m X n matrix and b is an
m vector. Suppose that rank (A, b) = rank (A) = m. After possibly rearranging
the columns of A, let A = [B, N] where B is an m X m invertible matrix and N is

. . X
an m X (n — m) matrix. The point x = [ xB] where
N

xz =B7'b
Xy =0

is called a basic solution of the system, If x; > 0, then x is called a basic feasible

solution of the system. Here B is called the basic matrix (or simply the basis) and
N is called the nonbasic matrix. The components of x are called basic variables,
and the components of x, are called nonbasic variables. If x5 > 0, then X is
called a nondegenerate basic feasible solution, and if at least one component of X,
is zero, then x is called a degenerate basic feasible solution.

Each basic solution has m basic variables, and the rest of the variables are non-basic variables
set equal to zero. (The number of non-basic variables equals n plus the number of surplus
variables.) The values of the basic variables are given by the simultaneous solution of the system
of m equations for the problem in augmented form (after the non-basic variables are set to zero).
This basic solution is the augmented corner-point solution whose n defining equations are those
indicated by the non-basic variables.

Now consider the basic feasible solutions. Note that the only requirements for a solution to be
feasible in the augmented form of the problem are that it satisfies the system of equations and that
all the variables be nonnegative.
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A basic feasible solution (BFS) is a basic solution where all m basic variables are nonnegative
(= 0). A basic solution (BF) solution is said to be degenerate if any of these m variables equals
zero.

Thus, it is possible for a variable to be zero and still not be a non-basic variable for the current BF
solution. Therefore, it is necessary to keep track of which is the current set of non-basic variables
(or the current set of basic variables) rather than to rely upon their zero values.

Remark: We choose linearly independent vectors from n vectors, so that the maximum number
. .. (n ! . : : .
of basic matrix is (m) = —"_ and hence the maximum number of basic feasible solution

o (n—-m)'m!
- (3)

Example 1. Consider the polyhedral set defined by the following inequalities:

x, +x, €6
Xy <3
X, X320

By introducing the slack variables x; and x,, the problem is put in the following
standard format:

X +x3+ x5 =6
Xy +x,=3

Xy, X3 X3 X420

: . 1 1 1 0
Note that the constraint matrix A = [a,, 2y, A3, 8] = [ 01 0 1 } From the

x2

Figure 3.4.1 Basic feasible solution
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foregoing definition, basic feasible solutions correspond to finding a 2 x 2 basis
B with nonnegative B~ 'b. The following are the possible ways of extracting B
out of A, "

1. B =[a,, a,] =“) :]

o B L PR N HE H IR R H

e I ER IR H R H R MY
et R H R HEE e MR
IR E R B A NN

s.B=[a3,a41=[{§ ‘1’]

X _p-tp=| 1 0 6{_1|6 |1 10
ajmre=[o 9] [5]=5) = [xz} o)

Note that the points corresponding to 1, 2, 3, and 5 above are basic feasible
solutions. The point obtained in 4 is a basic solution, but is not feasible because

it violates the nonnegativity restrictions. In other words, we have four basic
feasible solutions, namely

Xp =

wo oo
a
L
I
WO o

oW w o

These points belong to E* since after introducing the slack variables we have
four variables. These basic feasible solutions, projected in E*—that is, in the
(x,, x,) space—give rise to the following four points:

BNt
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In this example, the possible number of basic feasible solutions is bounded by
the number of ways of extracting two columns out of four columns to form the
basis. Therefore the number of basic feasible solutions is less or equal to

4\ _ 4 _
(2) =01 =%
Out of these six possibilities, one point violates the non-negativity of B~1b. Furthermore, a, and

a, have could not have been used to form a basis since a, = a, = [é] are linearly dependent,

and hence the matrix (1 1

0 0) does not qualify as a basis.

Example 2.
Consider the following system of inequalities:

x,+ x,<6

x, 3
x,+2x, <9
X, Xp=20

Note that the feasible region is precisely the region of example 1 above, since the third restriction
X1 + 2x, < 9 is “redundant”. After adding the slack variables x5, x, and x5, we get
X+ x,+x, =6

X5 +x, =3
x|+2x2 +x5=9

Xy, X, X5, X4, X520

i v

]

Figure 3.4.2 Degenerate basic feasible solution
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Note that

A= [ﬂ], 32, 33, 34,. 35] =

1 1 1 0 O

0 1 0 1 O0f

1 2 0 0 1

Let us consider the basic feasible solution with B = [a,, a,. a,].

- _ -1
xy ] 11 1 6 0 -2 1 6 3
X=X |=|l0 1 0 31=|0 1 0 3| =3
X [ 200 9 ] R 9 0

Xy = 'O]

Note that this basic feasible solution is degenerate since the basic variable
x, = 0. Now consider the basic feasible solution with B = [a, a,, a,].
i ] [1 1 o 6 2 0 -1 6 3
Xp =| X2 0o 1 1 3(=| -1 0 1 31=|3
| Xa | 1 2 0 9 I 1 -1 9 0
_[*]_fo
=] =[o)

Note that this basic feasible solution gives rise to the same point obtained by

B = [a,, a,, a;]. It can be also checked that the basic feasible solution with basis
B = [a,, a,, aJ] is given by

X| 3 x 0
=l =)= (0]
Xs 0
Note that all three of the foregoing basic feasible solutions with different bases
are represented by the single extreme point (x,, x,, X,, x,, X5) = (3, 3,0, 0, 0).
Each of the three basic feasible solutions is degenerate since each contains a

basic variable at level zero. The remaining extreme points of Figure 3.4.2 corre-
spond to nondegenerate basic feasible solutions (why?).

Theorem : All basic feasible solution of Ax = b, b > 0 are extreme points of the feasible region.

That is, a point x is an extreme point of the set {x € R"|Ax = b, x = 0} if and only if x is basic
feasible solution.
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Theorem: (Fundamental Thorem of LPP)
z=Cx
Consider the linear programming problem(LPP) mins.t Ax = b , where A is m by n matrix with
x=0
rank(A) = m. If the LPP has a finite optimal solution, then the optimal solution is attained at a
basic faesible solution(BFS).

Since the number of basic feasible solutions is bounded by ::1 ) one may
think of simply listing all basic feasible solutions, and picking the one with the
minimal objective value. This is not satisfactory, however, for a number of
reasons. Firstly, the number of basic feasible solutions is bounded by ( r’::)‘
which is large, even for moderate values of m and n. Secondly, this simple
approach does not tell us if the problem has an unbounded solution that may
occur if the feasible region is unbounded. Lastly, if the feasible region is empty,
and if we apply the foregoing “simple-minded procedure,” we shall discover that
the feasible region is empty, only after all possible ways of extracting m columns

out of n columns of the matrix A fail to produce a basic feasible solution, on the
grounds that B does not have an inverse, or else B~'b 3 0.

The simplex method is a clever procedure that moves from an extreme point
to another extreme point, with a better (at least not worse) objective. It also
discovers whether the feasible region is empty and whether the optimal solution
is unbounded. In practice, the method only enumerates a small portion of the
extreme points of the feasible region.

2.4.3. Improving a basic feasible solution

Given a basic feasible solution, we shall describe a method for obtaining a new
basic feasible solution with a better objective value. This is the foundation of the
simplex method.

Consider the following linear programming problem.

Minimize c¢x
Subject to Ax=b

x =0

where A is an m X n matrix with rank m. Suppose that we have a basic feasible
-1
solution (BO b) whose objective value z; is given by
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2o = c(B;]b) = (5 (:N)(B;lh) =¢;B b 3.1

Xg
Now let x -( x ) be an arbitrary feasible solution. Then x, > 0, x, > 0, and

b = Ax = Bx,; + Nx,. Multiplying by B~" and rearranging the terms, we get
xz = B~'b — B~ 'Nx,

=B7'b— 3 B lax (3.2)
JER

where R is the current set of the indices of the nonbasic variables. Noting
Equations (3.2) and (3.1), and letting z denote the objective function at x, we get

z=cx
=Xy t Xy

= cB(B“b -2 B"ajxj) + 2 ¢x ’_

JER JER
=z,— 2, (z; = ¢)x, (3.3)
JER

where z, = ¢;B™'a, for each nonbasic variable.

Equation (3.3) can guide us in the process of improving the current basic
feasible solution. Since we are to minimize z, it would be to our advantage to
increase x; (from its current level of zero) whenever z; — ¢; > 0. The following
rule will be adopted. Fix each nonbasic variable x; at zero, except for one
nonbasic variable x, with a positive z; — ¢,(z, — ¢ is the most positive z, - ¢,
say). From Equation (3.3), the new objective value z is given by

z=z9— (2 — )% (3-4)

Since z;, — ¢, > 0, it would be to our benefit to increase x; as much as possible.
As x, is increased, the current basic variables must be modified according to
Equation (3.2), and hence x, =B~ 'b— B 'a,x, =b —y,x,, where y, =
B 'a, and b=B"'b. Denoting the components of x; and b by Xg,
Xg, ..., xp and b, b, ..., b,, the preceding vector equation reads as follows:
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_ - e 4 - .
B, b, Yik
X, 2 Yok
= -] (3.5)
xB, br yrk
_xB,,,J _bm_ _ymkﬂ

If y, <0, then xp increases as x, increases and so x; continues to be
nonnegative. If y, > 0, then xp will decrease as x, increases. In order to satisfy
nonnegativity, x, is increased until the first point at which a basic variable xp
drops to zero. Examining Equation (3.5), it is then clear that the first basic
variable dropping to zero corresponds to the minimum of 4,/ y,. for positive y.
More precisely,

b, b,
~ = Minimum{ y— Dy > 0} = x, (3:6)
ik

Vet lsigm

In the absence of degeneracy b, > 0, and hence x; = b,/y, > 0. From Equa-
tion (3.4) and the fact that z, — ¢, > 0, it then follows that z < z,, and the
objective function strictly improves. As x, increases from level 0 to b./y,., a new
feasible solution is obtained. Substituting x, = b, /y,, in Equation (3.5) gives the

following point:

x5_=5,-—yikb—, i=1,2, , m
i yrk

5; 37
Kk Vo )

all other xj’s are zero
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From Equation (3.7) above, x; = 0 and hence at most m variables are positive.
The corresponding columns are ag, a5, ...,85 , @,8, ,...,ap . Note that
"these columns are linearly independent since y,, # 0. (Recall that if a By

ag,...,a5 are linearly independent, and if a, replaces a,, then the new
columns are linearly independent if and only if y, #* 0; see Section 2.1).
Therefore the point given by Equation (3.7) is a basic feasible solution.

To summarize, we have described a procedure that moves from a basic
feasible solution to another basic feasible solution. This is done by increasing
the value of a nonbasic variable x, with positive z;, — ¢, and adjusting the
current basic variables. In the process, the variable xp drops to zero. The
variable x, is said to enter the basis and x, is said to leave the basis. In the
absence of degeneracy the objective function value strictly decreases and hence
the generated points are distinct. Since there is only a finite number of basic
feasible solutions, the procedure would terminate in a finite number of steps.

Example 3.
Minimize x,+ x,
Subject to x;+2x, <4
xz g 1 '
X, Xx,20

Introduce the slack variables x; and x, to put the problem in a standard form.
This leads to the following constraint matrix A:

arinmnnd <[} 40

Consider the basic feasible solution corresponding to B = [a,, a,]. In other

words, x; and x, are the basic variables while x; and x, are the nonbasic

-1 1 [

X
Xp = JC;] B_]b=[é 2]

w=[n]=[5]




DEP'T OF MATHEMATICS LINEAR OPTIMIZATION 2012E.C/20206G.C

This point is shown in Figure 3.5. In order to improve this basic feasible
solution, calculate z; — ¢ for the nonbasic variables.

2z, - c3=cgB 'a; — ¢,
_ 1 -2 (l)_
(1’1)[0 1}0 0
- (!} -0
ol
=1

zg—c,=czB la, — ¢,
_ 1 —27(0) _
(1’”[0 1](1) 0

() -

= -1

X3

Moving toward a better ]
basic feasible solution [1]

Figure 3.5. Improving a basic feasible solution.

Since z; — ¢; > 0, then the objective improves by increasing x;. The modified
solution is given by

Xy

e nr-lh _ p-l
Xz = B~'b — B 'ax,

MEHEHE
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The maximum value of x, is 2 (any larger value of x; will force x, to be
negative). Therefore the new basic feasible solution 1s

(X1 X35 X3, Xg) = (0, 1, 2,0)

Here x; enters the basis and x, leaves the basis. Note that the new point has an
objective value equal to 1, which is an improvement over the previous objective
value of 3. The improvement is precisely (z; — ¢3)x3 = 2. The reader is asked to
continue the improvement process starting from the new point.

Interpretation of Entering and Leaving the Basis

We now look more closely at the process of entering and leaving the basis, and
their interpretation.

INTERPRETATION OF z, — ¢,

The criterion z; — ¢, > 0 for a nonbasic variable x, to enter the basis, will be
used over and over again throughout the text. It will be helpful at this stage to
review the definition of z,, and make a few comments on the meaning of the
entry criterion z, — ¢, > 0. Recall that z = ¢gb — (2, — ¢;)x;, where

m
z, =czB 'a, = ¢y, = 21 Vi (3.8)

=
and c, is the cost of the ith basic variable. Note that if x, is raised from zero
level, while the other nonbasic variables are kept at zero level, then the basic
variables xp, x5, ..., x; must be modified according to Equation (3.5). In
other words if x, is mcreased by 1 unit, then xp, x5, ..., and xp will be
decreased respectively by y ., Yoo - - -, ¥,y URIts (1f Vi <0, then xp will be
increased). The saving (a negative saving means more cost) that results from the
modification of the basic variables, as a result of increasing x, by 1 unit, is
therefore, X7_,cpy,. which is z, (see Equation 3.8). However, the cost
of increasing x, itself by 1 unitis ¢,. Hence z, — ¢ is the saving minus the cost

of increasing x, by 1 unit. Naturally, if z, — ¢, is positive, it will be to our
advantage to increase x,. For each unit of x,, the cost will be reduced by an
amount z, — ¢, and hence it will be to our advantage to increase x, as much as
possible. On the other hand, if z;, — ¢, < 0, then by increasing x,, the net saving
is negative, and this action will result in a larger cost. So this action is
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prohibited. Finally if z; — ¢, = 0, then increasing x, will lead to a different
solution, with the same cost. So whether x, is kept at zero level, or increased, no
change in cost takes place.

Now suppose that x, is a basic variable. In particular, suppose that x, is the
tth bas1c vanable that is, vrk = xp, ¢ = cp, and a, = ay. Recall that z, =
cB” a],c =c,B” aB But B~ aB is a vector of zeros except for one at the rth
position (see Exercise 2.12). Therefore, 2, = cg, and hence z;, — ¢, = ¢ — ¢,
= 0.

Leaving the Basis and the Blocking Variable

Suppose that we decided to increase a nonbasic variable x, with a positive
z, — ¢,. From Equation (3.4), the larger the value of x,, the smaller is the
objective z. As x, is increased, the basic variables are modified according to
Equation (3.5). If the vector y, has any positive component(s), then the corre-
sponding basic variable(s) is decreased as x, is increased. Therefore the nonbasic
variable x, cannot be indefinitely increased, because otherwise the nonnegativity
of the basic variables will be violated. The first basic variable x, that drops to

zero is called the blocking variable because it blocked further increase of x,.
Thus x, enters the basis and x leaves the basis.

Example 4.
Minimize 2x,-
Subject to — x,+x, <2
2x,+x,<6

X, X320

Introduce the slack variables x; and x,. This leads to the following constraints:
=X+ X, + oxg =12
2x;+x;,  + x,=6
Xj, Xy X3 x4 20

Consider the basic feasible solution with basis B = [a,, a,] =[ _; L } and

B—1=[- ]

Lalba ] =
L] L] e
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x; =B7'b — B"'Nx,

X _[a)_ -5 slr2y_ -3 3 [1 0] X3
xp, | T | %2 2 1|6 :o1ilo 1%
4 —1 1
3 3 3
Currently x; = x, = 0, x; = 3 and x, = 2. Note that
-1 1 0
24—¢'4=CBB—'|34_.C4=(2,—1}[ ; i“ﬁl]—‘o_%>0
3 3

Hence the objective improves by introducing x, in the basis. Then x; is kept
at zero level, x, is increased, and x, and x, are modified according to Equation
(3.9). We see that x, can be increased to 4, at which instant x, drops to zero.
Any further increase of x, results in violating the nonnegativity of x, and so x,
is called the blocking variable. With x, = 4 and x; = 0, the modified values of x,
and x, are 0 and 2 respectively. The new basic feasible solution is

(x]y Xqs X3, x4) = (0, 2, 0, 4)

Note that a, replaces a,; that is, x, drops from the basis and x, enters the basis.
The new set of basic and nonbasic variables are given below:

IR ME I

Moving from the old to the new basic feasible solution is illustrated in Figure
3.6. Note that as x, increases by 1 unit, x, decreases by j unit and x, decreases
by j unit; that is, we move in the direction (— 4, — 1) in the (x,, x,) space.
This continues until we are blocked by the nonnegativity restriction x, > 0. At
this point x, drops to zero and leaves the basis.
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Blocking constraint
= x =0 0
F
10
Xz

x, leaves

xq

H H
Ol o o
Figure 3.6. Blocking variable (Constraint).

2.4.4. Termination: Optimality and Unboundedness

We have discussed a procedure that moves from one basic feasible solution to
an improved basic feasible solution, by introducing one variable into the basis,
and removing another variable from the basis. The criteria for entering and
leaving are summarized below.

1. Entering: x, may enter if z, — ¢, > 0
2. Leaving: xp may leave if

b, b,
— = Minimum { — :y, >0
-yrk lsiam y‘,k

Two logical questions immediately arise. What happens if each nonbasic vari-
able x; has z; — ¢, < 07 In this case no nonbasic variable is eligible for entering
the basis. Second, suppose that z, — ¢, > 0, and hence x, is eligible to enter the
basis, but we cannot find any positive component y,,, that is, y, < 0. As the
reader may have suspected, the first case says that we have already reached the
optimal solution, and the second case says that the optimal solution is un-
bounded. These cases will be discussed in more detail in this section,

Termination with an Optimal Solution
Consider the following problem, where A is an m X n matrix with rank m.
Minimize ¢X
Subject to Ax=Db
x>0
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-1
Suppose that x* is a basic feasible solution with basis B; that is, x* =(BO b )
Let z* denote the objective of x*, that is, z* = ¢;B~'b. Suppose further that

z; — ¢; < 0 for all nonbasic variables, and hence there are no nonbasic variables
that are eligible to enter the basis. Let x be any feasible solution with objective
value z. Then from Equation (3.3) we have

—z= 2 (3 - ¢)x (3.10)
JER

Since z; — ¢, < 0 and x; > O for all variables, then z* < z. This holds for every
feasible vector x and therefore x* is an optimal basic feasible solution.

Unique and Alternative Optimal Solutions

We can get more information from Equation (3.10). If z; — ¢; < 0 for all
nonbasic components, then the current optimal solution is unique. To show this,
let x be any feasible solution that is distinct from x*. Then there is at least one
nonbasic component x; that is positive, because if all nonbasic components are
zero, x would not be distinct from x*. From Equation (3.10) it follows that
z > z*, and hence x* is the unique optimal solution.

Now consider the case where z—¢ <0 for all nonbasic components, but
z;, — ¢ = 0 for at least one nonbasic variable x,. As x, is increased, we get (in
the absence of degeneracy) points that are distinct from x* but have the same
objective value (why?). If x, is increased until it is blocked by a basic variable,
we get an alternative optimal basic feasible solution. The process of increasing
x, from level zero until it is blocked generates an infinite number of alternative
optimal solutions.

Example 5.

Minimize — 3x,+ x,
Subject to  x;+2x,+x, =4
—x+ X+ x4=1
Xy, Xg, Xy, X420
Consider the basic feasible solution with basis B = [a,, a,] =[ I D} and

-1 1

B! =[ i {1)] The corresponding point is given by

s=lal=ee=[ O[5 x- (][]
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and the objective value is —12, To see if we can improve this solution, calculate
z, — cyand z4 — ¢y

— = -l
z— ¢y =¢czgB a; — ¢,

caol} i)

=(—3,0)[§]—1

I
_—
i
P
<
L
| i |
—
—
I
<

Since both z; — ¢; <0 and z; — ¢; < 0, then the basic feasible solution
(x|, X5, X3, X4) = (4, 0,0, 5) is the unique optimal point. This unique optimal
solution is illustrated in Figure 3.7a. Now consider a new problem where the
objective function —2x, — 4x, is to be minimized over the same region. Again,
consider the same point (4, 0, 0, 5). The objective value is —8. Calculate z, — ¢,

Family of alternative
optimal solutions

4
[0] Unigque
optimal

LRSS

Figure 3.7. Termination criterion: (a) Unique optimal. (») Alternative optima.
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and z; — ¢; as follows:

=(—2gn[§]+4

=0

=(—Loﬂ}]—o

= -2
In this case, the given basic feasible solution is optimal, but it is no longer a
unique optimal solution. We see that by increasing x,, a class of optimal

solutions is obtained. Actually, if we increase x,, keep x5 = 0, and modify x,
and x,, we get

[M}-B”b—B”ax
X 2%2

{¢]-12]

For any x, < 3, the solution

X, 4 —2x,
X2 | o X2
Xy 0
X4 5—3x,

1s an optimal solution with objective —8. In particular, if x, =3, we get an
alternative basic feasible optimal solution, where x, drops from the basis. This is
illustrated in Figure 3.75. Note that the new objective function lines are parallel
to the hyperplane x, + x, = 4 corresponding to the first constraint. That is why
we obtain alternative optimal solutions.

Unboundedness

Suppose that we have a basic feasible solution of the system Ax = b, x > 0, with
objective value z,. Now let us consider the case when we find a nonbasic
variable x, with z;, — ¢, > 0 and y, < 0. This variable is eligible to enter the
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basis since increasing it will improve the objective function. From Equation (3.3)
we have

z=125—(2z — ¢)x

Since we are minimizing the objective z, and since z;, — ¢, > 0, then it is to our
benefit to increase x, indefinitely, which will make z go to — occ. The reason that
we were not able to do this before was that the increase in the value of x, was
blocked by a basic variable. This puts a “ceiling” on x, beyond which a basic
variable will be negative. But if blocking is not encountered, there is no reason
why we should stop increasing x,. This is precisely the case when y, < 0. Recall
that from Equation (3.5) we have

KB = B_lb - yk.rk

and so if y, < 0, then x, can be increased indefinitely without any of the basic
variables becoming negative. Therefore the solution x (where xz; = B~ 'b —
YiXi» X, is arbitrarily large and other nonbasic components are zero) is feasible
and its objective value z = z, — (z, — ¢ )x,, which approaches —oc as x,
approaches + cc.

To summarize, if we have a basic feasible solution with z, — ¢, > 0 for some
nonbasic variable x,, and meanwhile y, < 0, then the optimal is unbounded
with objective —oc. This is obtained by increasing x, indefinitely and adjusting
the values of the current basic variables, and is equivalent to moving along the
ray:

B-lp | -V |

0 0
‘J :0 +xk :l ka-}()*
o | L o |

.

-1
Note that the vertex of the ray is the current basic feasible solution (Bﬂ b) and

the direction of the ray is
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where the 1 appears in the kth position. It may be noted that
cd = (CB, CN)d = -CB}'k <+ Ck = —Zk -+ Ck

But since ¢, — z;, < 0 (because x, was eligible to enter the basis), then ed < 0,
which is the necessary and sufficient condition for unboundedness. In Exercise
3.28 we ask the reader to verify that d given above is indeed an (extreme)

direction of the feasible region.
Example 6.

Minimize — x, —3x,

Subject to  x,—2x,<4
-x,+ x,<3
X, x20

The problem, illustrated in Figure 3.8, clearly has an unbounded optimal
solution. After introducing the slack variables x; and x,, we get the constraint

} _% I' 0| Now consider the basic feasible solution

whose basis B is [a;, a,] = [

e IHEH IR

matrix A=[ 0 1
1 0]
0o 1/

Optimal is unbounded

3 Increase x
along this ray

{unblocked)

B

{blocked by x4) d
o §
0

" e =(-1,-3)

Figure 3.8. Unbounded optimal.

~ A4~
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Calculate z, — ¢, and z, — ¢, as follows:

z, — ¢, =cgB la, — ¢

=(0,0)[_H+1
-1

— = =l _
- 6=cB 8-

=(0,0)[‘ﬂ+3

=3
So we increase x, with the most positive z; — ¢. Note that x, = B~'b -
B 'a,x,, and hence

X3 41 [ -2
[x4 -7 J=
The maximum value of x, is 3, at which instant x, drops to zero. Therefore the

new basic feasible solution is (x;, x,, x;, x,) = (0, 3, 10, 0). The new basis B is

[a, a,] = “} B ﬂ with inverse [{;
follows:

%] Calculate z, — ¢, and z, — ¢, as

Z] - Cl = (:BB_|3| - Cl

oof} 1] 1]+

=(0,—3)L‘H+1
=4
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g] Therefore the optimal

and x, is kept zero, we get

-1
solution is unbounded. In this case, if x, is increase
the following solution:

Note that z, —¢; >0and y, =B 'a; = [ _]] QC[

xp =B7'b — B 'ax

n] =51 2]

x, =0

10 + x,
3+ x,

Note that this solution is feasible for all x, > 0. In particular,
X, —2x,+x3=x,—23+ x))+ (10+ x)) =4,

and
- X+ x+x=—-x+0G3+x)+0=3

Furthermore, z = —9 — 4x,, which approacheé —o0 as x,; approaches oc.
Therefore the optimal solution is unbounded by moving along the ray

{(0,3,10,0) + x,(1, 1, 1,0) : x, > 0)

Again note that the necessary and sufficient condition for unboundedness holds,
namely

ed=(-1,-300)| |=-4<0

1
1
1
0
2.4.5. The Simplex Algorithm (Minimization problem)

INITIALIZATION STEP

Choose a starting basic feasible solution with basis B.

MAIN STEP

I. Solve the system Bxp =b (with unique solution x, = B~ 'b = b). Let
Xp = b, Xy, =0, and z = ¢cpx;.
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2. Solve the system wB = ¢, (with unique solution w = ¢z;B™"). Calculate

z,— ¢ =wa, — for all nonbasic variables. Let

Zp — ¢ = Ma}énaum =G
where R is the current set of indices associated with the nonbasic variables.
If z, — ¢, <0, then stop with the current basic feasible solution as an
optimal solution. Otherwise go to step 3.
3. Solve the system By, = a, (with unique solution y, = B~ 'a,). If y, <0,
then stop with the conclusion that the optimal solution is unbounded along
the ray '

where e, is an n — m vector of zeros except for a I at the kth position. If
Y. $ 0, go to step 4.

4. Here x, enters the basis and the blocking variable xp leaves the basis,
where the index r is determined by the following minimum ratio test:

b b,
= Minimum{ — :y,; >0
Yok I<i<m Yik

Update the basis B where a, replaces ap, the index set R and repeat step 1.
Example 1.

Minimize - x;— 3x,

Subject to 2x,+ 3x,<6

x5, x,20

The problem is illustrated in Figure 3.9. After introducing the nonnegative slack
variables x, and x,, we get the following constraints:

2x, + 3x; + x4 =6
1

—A’| + .x: + .x4
‘xlt X2 .)C3, Xg >0
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X2

I
T~

LI
e

i

° Figure 3.9: Example of simplex method

Iteration 1

Let B = [a;, a,] = [(1} (” and N = [a, a,] =[ B ? :;'] Solving the system

Bx, =b leads to xp = x; =6 and xp = x, = 1. The nonbasic variables

0. In order to de-

are x, and x, and the objective z = epx, = (0, 0)[?

N

— —lg . —
=cpB 2, — ¢, = wa,

termine which variable enters the basis, calculate z; — !

— ¢;. First we find w by solving the system wB = c,:

(wl,wz)[{l) ‘1’] =(0,0)=w =w=0

zZp—c =wa — ¢, =1

Iy—C=Way —c, =3

Therefore x, is increased. In order to determine x, we need to calculate y, by
solving the system By, = a,:

1 U] Y2
0 1 Y22

The variable x, leaving the basis is determined by the following minimum ratio
test:

=[‘;’]==-y12=3 and y,, =1
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. {5. b,
Minimum¢ —

, —— | = Minimum{§%, {} =1
Y }"22} {3 ]}

Therefore the index r = 2; that is, Xp, = X4 leaves the basis. This is also obvious
by noting that

x‘Bl - x3 - 6 _ 3 3 ll
['xﬁz] ] = (8] G
and x, first drops to zero when x, = 1.

lteration 2

The variable x, enters the basis and x, leaves the basis:

B=[mm]=[) 7] ad N=[a,a]=[ ] (]

Now x; can be determined by solving Bx, = b or simply by noting that x, = 1

in Equation (3.11).
== [o]

MEMEH

The objective value is z = —3. Calculate w by wB = ¢,:

{w,,wz)[é fl"]=(o,—3)=.w,=o and w, = —3

=(0,-3)[_‘%]+1=4

The variable x, left the basis in the previous iteration and cannot enter the basis

in this iteration since z, — ¢, < 0 (see Exercise 3.33). Therefore x, is increased.
Solve the system By, = a,:
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1 3] Y| _ 2 _ -
) g

Since y,; < 0, then xz = x; leaves the basis as x, is increased. This is also clear
by noting that

xBl X3 - 3 _ 5
[Isz] {I:J_M [ 1]
and x, drops to zero when x, = 2.

lteration 3

Here x, enters the basis and x, leaves the basis:

xﬂl _ X _ % _ X4 _ 0
*s, "[%]' : "”'{h]'[O]
The objective value z = =% . Calculate w by wB = ¢,:

(Wh“’z)[_% ?]=(—-l,—3)=w,=-‘—‘5‘ and w, =3

The variable x, left the basis in the last iteration and cannot enter the basis in
this iteration (because z; — ¢y < 0).

= (= 3)[}]-0=3

Therefore z; — ¢; < 0 for all nonbasic variables, and the current point is opti-
mal. The optimal solution is therefore

(‘xl? X2 x]y-xq.}:(%, %,0, 0)

with objective value ~2. Figure 3.9 displays the sequence of steps that the
simplex method took to reach the optimal point.
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2.4.4. The simplex method in Tableau format

At each iteration the following linear systems of equations need be solved:
Bx, = b, wB = ¢;, and By, = a,. Various procedures for solving and updating
these systems will lead to different algorithms that all lie under the general
framework of the simplex method described above. In this section we describe
the simplex method in tableau format. In subsequent chapters we shall describe
several procedures for solving the preceding systems for general linear programs
as well as for problems with special structure such as network flow problems.

Suppose that we have a starting basic feasible solution x with basis B. The
linear programming problem can be represented as follows.

Minimize z
Subject to z— CpXg —cyXy =0 (3.12)
Bx; + Nx, =b (3.13)
Xg, xy = 0
From Equation (3.13) we have
x; + B"'Nxy, =B 'b (3.14)

Multiplying (3.14) by ¢, and adding to Equation (3.12), we get
z+0xy + (czB7IN —¢cy)xy =czB7'b (3.15)

Currently Xy, = 0, and from Equations (3.14) and (3.15) we get x; = B~ 'b and
z =czB7'b. Also, from (3.14) and (3.15) we can conveniently represent the
current basic feasible solution in the following tableau. Here we think of z as a
(basic) variable to be minimized. The objective row will be referred to as row 0
and the remaining rows are rows 1 through m. The right-hand-side column

(RHS) will denote the values of the basic variables (including the objective
function). The basic variables are identified on the far left column.
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z Xg Xy RHS

T —

z | 1 0 | ¢B'N-¢ | ¢B'b | RowO

x3 | 0/ 1 BN | B'd | Rowsl throughm

Not only does this tableau give us the value of the objective function ¢z;B~'b
and the basic variables B~ 'b on the right-hand side, but it also gives us all the
information we need to proceed with the simplex method. Actually the cost row
gives us ¢;B™'N — ¢, which consists of the z; — ¢/’s for the nonbasic variables.
So row zero will tell us if we are at the optimal solution (if each z; — ¢; < 0), and
which nonbasic variable to increase otherwise. If x; is increased, then the vector
¥, = B 'a,, which is stored in the tableau in rows 1 through m under the
variable x;, will help us determine by how much x, can be increased. If y, < 0,
then x, can be increased indefinitely without being blocked, and the optimal
objective is unbounded. On the other hand, if y, € 0, that is, if y, has at least
one posilive component, then the increase in x, will be blocked by one of the
current basic variables, which drops to zero. The minimum ratio test (which can
be performed since B~'b = b and y, are both available in the tableau) de-
termines the blocking variable. We would like to have a scheme that will do the
following.

1. Update the basic variables and their values.
2. Update the z; — ¢ values of the new nonbasic variables.
3. Update the y; columns.

Pivoting

All of the foregoing tasks can be simultaneously accomplished by a simple
pivoting operation. If x, enters the basis and xp leaves the basis, then pivoting
on y,, can be stated as follows.

1. Divide row r by y,,.

2. Fori=1,2,...,m and i # r, update the ith row by adding to it —y,
times the new rth row. ‘

3. Update row zero by adding to it ¢, — z, times the new rth row. The two
tableaux of Tables 3.1 and 3.2 represent the situation immediately before
and after pivoting.
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Table 3.1 Before Pivoting
2 xg X Xy X Xy RHS
z |1 ]o0 0 0 --- - R ;b
e =
Xg, [0 |1 0 (U Yy Y b,
xg |0 |0 1 0 ¥, @ c b—,
X, 0 0 0 1 Yoy Yoo =" Em
Table 3.2 After Pivoting
. xg Xp Xg X, RHS
Ck - Zk 3 1 — _r
z 1|0 0 (z; — ¢) 0 ©egh = (2, — )
Yr '
2 (5, ~ o
- z, =
‘ P k
Nl B N R O R TR
x 0|1 cee o -- Yy — — 0 b, - b,
B Y i VT T | b o
x |0 o ' 0 d 1 -
Yk Yk } yﬂk
' ' _j]mk .yFJ' : | . Yok —
X 0 0 ., 1 mj o, Y 0 bm - — b
B Yrk Y Yk Fmk Yk

Let us examine the implications of the pivoting operation.

1.

The variable x, entered the basis and xp_left the basis. This is illustrated on
the left-hand side of the tableau by replat:mg xp With x,. For the purpose
of the following iteration, the new xp is now x,.

The right-hand side of the tableau gives the current values of the basic
variables (review Equation 3.7). The nonbasic variables are kept zero.
Suppose that the original columns of the new basic and nonbasic variables
are B and N respectively. Through a sequence of elementary row opera-
tions (characterized by pivoting at the intermediate iterations), the original
tableau reduces to the current tableau with B replaced by I. From Chapter
2 we know that this is equivalent to prcmuluphc:atlong byg B~ Thus,
pivoting results in a new tableau that gives the new B~ 'N under the
nonbasic variables, an updated set of z; — ¢’s for the new nonbasic
variables, and the values of the new basic variables and objective function.
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The Simplex Method in Tableav Format (Minimization Problem)

INITIALIZATION STEP

Find an initial basic feasible solution with basis B. Form the following initial
tableau.

z Xg Xy RHS
2o 1 0 eBN-o b
Xp 0 I | B~'N - b

MAIN STEP
Let z; — ¢ = Maximum(z; — ¢, :j € R}. If z; — ¢, < 0, then stop; the cur-

rent solution is optimal. Otherwise examine y,. If y, < 0, then stop; the optimal
solution is unbounded along the ray

[+ 5] o] o]

where e, is a vector of zeros except for a 1 at the kth position. If y, € 0,
determine the index r as follows: ]

b, b,
= Minimum { — :y, >0
ek I<i<m Yik

Update the tableau by pivoting at y,,. Update the basic and nonbasic variables
where x, enters the basis and x, leaves the basis, and repeat the main step.

Example 1.
Minimize x,+x,—4x,

Subject to x;+x,+2x;< 9
—x;tx,+ x;< 4

Xy, Xy, X320
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Introduce the nonnegative slack variables x,, x5, and x,. The problem becomes
the following.

Minimize x,+x,—4x;+0x,+0x,+ 0x,

Subject to  x;+x,+2x;+ x, =9
X tx,— x4 + x5 =2
—x|+x2+ Xy 4+ x6=4

Xy, Xy X3, X4 X5, Xg20

Since b > 0, then we can choose our initial basis as B = [a,, a5, a;] = I, and we
indeed have B~ 'b = b > 0. This gives the following initial tableau.

lteration 1

z X, X5 Xs Xgq X Xg RHS
z 1 -1 -1 4 0 0 0 0
X, | O 1 1 2 1 0 0 9
x; | 0 1 1 =1 0 1 0 2
x | 0 | -1 1 @ o o 1 4
Iteration 2

z X Xy X3 X4 X5 Xg RHS
z 1 3 =5 0 0 0 -4 |[—16
xg | O Q@ -1 0 1 0o -2 1
xs | 0 0 2 0 0 1 1 6
x3 | 0 — 1 1 i 0 0 1 4
Iteration 3

z Xy X, X3 X, Xs Xg RHS

z 1 0 -4 0 — 1 0 ~2 - 17
x, | o | 1 =1 o T N
Xs 0 0 2 0 0 1 1 6
X3 0 0 :% 1 % 0 % ITS
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This is the optimal tableau since z; — ¢; < 0 for all nonbasic variables. The
optimal solution is given by

Note that the current optimal basis consists of the columns a, a;, and a;, namely

1 0 2
B =[a|, 35, 33] = l 1 - 1
1 0 1

Interpretation of Entries in the Simplex Tableau

Consider the following typical simplex tableau and assume nondegeneracy.

z Xg Xy RHS
: | 1 0 | B 'N-¢,  ¢B7b
Xy o 1 B~ 'N . B’'b

The tableau may be thought of as a representation of both the basic variables x
and the cost variable z in terms of the nonbasic variables x,. The nonbasic
variables can therefore be thought of as independent variables, whereas x, and z
are dependent variables. From row zero we have

z=0¢B"'b — (czB7IN — ¢y)xy

=czB7'b+ X (¢ — z)x

JER

and hence the rate of change of z as a function of a typical nonbasic variable x;,
namely 9z /dx;, is simply ¢; — z,. In order to minimize z, we should increase x; if
Bz/Eli, < 0, that is, if z; — ¢ >0,

Also, the basic variables can be represented in terms of the nonbasic variables
as follows:

_n-lh _ p-l
x; =B 'b— B"'Nx,
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=B b- 3 B_lajxj
JER

=B 'b- 3 Y%

JER

Therefore dx,/0x; = —y;; that is, —y, is the rate of change of the basic
variables as a function of the nonbasic variable x;. In other words, if x; increases
by 1 unit, then the ith basic variable x, decreases by an amount y,, or simply
dxp /0x; = — y;. A column y; can be alternatively interpreted as follows. Recall
that By, = a,, and hence y, represents the linear combination of the basic
columns that are needed to represent a,. More specifically,

w = 2 a5y,

The simplex tableau also gives us a convenient way of predicting the rate of
change of the objective function and the value of the basic variables as a
function of tl1e right-hand-side vector b. Since the right-hand-side vector usually
represents scarce resources, we can predict the rate of change of the objective
function as the availability of the resources is varied. In particular,

z = CBB']b - 2 (zj - C})x;
JER

and hence 9z/3b = ¢;B~". If the original identity consists of slack variables
with zero costs, then the elements of row zero at the final tableau under the
slacks give ¢;B~'T — 0 = ¢,B~"', which is dz/0b. More specifically, if we let
w = czB7 !, then 8z/0b, = w,

Similarly, the rate of change of the basic variables as a function of the
right-hand-side vector b is given by

0Xp

X _ ool
T

In particular, dxg /b is the ith row of B™' , 0/ 3b; is the jth column of B/,
and dx, /3b, is the (i, j) entry of B~ ', If the tableau corresponds to a degenerate
basic feamble solution, then as a nonbasic variable x; increases, at least one of
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the basic variables may become immediately negative (see Equation 3.5) de-
stroying feasibility. In this case a change of basis is necessary to restore
feasibility, leading to nondifferentiability of the objective value as a function of
X;. The advanced reader will note that, in this case, the quantities given in this
section correspond to one-sided directional derivatives.

Identifying B~ from the Simplex Tableau

The basis inverse matrix can be identified from the simplex tableau as follows.
Assume that the original tableau has an identity matrix. The process of reducing
the basis matrix B of the original tableau to an identity matrix in the current
tableau, is equivalent to premultiplying rows 1 through m of the original tableau
by B™! to produce the current tableau (why?). This also converts the identity
matrix of the original tableau to B~!. Therefore, B! can be extracted from the
current tableau as the submatrix in rows 1 through m under the original identity
columns.

Example 2. To illustrate the interpretation of simplex tableau, consider example 1 above at
iteration 2. Then

0z _ _5 0z _ 5 0z _
ax, 3, 0x, T 0xg 4
0 d d
o _ g 0x o odx
31'] axl Bxﬁ
ax 1
axﬁ= —2
2 -1
dz _ 9dz _ El_z=__
ab, b, O, 0b, 4
d dx
s _ 1 4 9
db, 0b,
1 0 -2
B '=|0 1 1
0 0 1
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The vector a, can be represented as a linear combination of the basic columns as

follows: a, = —la, + 2a; + a,. At iteration 3 we have

jf_q_azz

dx, ’3_x6=
dxs 23):,_ dx; 2
ax, O dxg O dx, 3
1
3
a_xf= _2
-3):2 ;_:f_
0z _ _y 08z _g 9z _ _
b, L ab, 0 db, 2
=2
0Xy 3
W |
3
3b, 37 9b, 3
i 0 =
B'=l0 1 1
70 3

The vector a, can be represented as a linear combination of the basic columns as

follows: a, = — La, + 2a, + 2a,.

2.4.5. Finding a starting basic feasible solution

In the previous section, we develop the simplex method with the assumptions that an initial
basic feasible solution is at hand. In many cases, such a solution is not readily available and
some work may be needed to get the simplex method started. In this section we describe two
procedures (the two-phase method and Big-M method), both involving artificial variables to
obtain an initial basic feasible solution to a slightly modified set of constraints. The simplex
method is used to eliminate the artificial variables and to solve the original problem. We also
discuss in more detail the difficulties associated with degeneracy. In particular, we show that
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the simplex method converges in a finite number of steps, even in the presence of degeneracy,
provided that a special rule for exiting from basis is adopted.

2.4.5.1.The initial basic feasible solution

Recall that the simplex method starts with a basic feasible solution and moves to
an improved basic feasible solution, until the optimal point is reached or else
unboundedness of the objective function is verified. However, in order to
initialize the simplex method, a basis B with b = B~'b > 0 must be available.
We shall show that the simplex method can always be initiated with a very
simple basis, namely the identity.

Easy Case

Suppose that the constraints are of the form Ax < b, x > 0 where Aisanm X n
matrix and b is an m nonnegative vector. By adding the slack vector x_, the
constraints are put in the following standard form: Ax + x, = b, x > 0, x;, > 0.
Note that the new m X (m + n) constraint matrix (A, I) has rank m, and a basic
feasible solution of this system is at hand, by letting x_ = b be the basic vector,
and x = 0 be the nonbasic vector. With this starting basic feasible solution, the
simplex method can be applied.

Some Bad Cases

In many occasions, finding a starting basic feasible solution is not as straight-
forward as the case described above. To illustrate, suppose that the constraints
are of the form Ax < b, x > 0 but the vector b is not nonnegative. In this case,
after introducing the slack vector x,, we cannot let x = 0, because x, = b
violates the nonnegativity requirement.

Another situation occurs when the constraints are of the form Ax > b, x > 0,
where b > 0. After subtracting the slack vector x,, we get Ax -~ x, =b, x > 0,
and x, > 0. Again, there is no obvious way of picking a basis B from the matrix
(A, — D) withb=B"'b > 0.

In general, any linear programming problem can be transformed into a
problem of the following form.

Minimizes c¢x

Subject to  Ax=b

x>0
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where b > 0 (if b, < 0, the ith row can be multiplied by —1). This can be
accomplished by introducing slack variables and by simple manipulation of the
constraints and variables. If A contains an identity matrix, then an immediate
basic feasible solution is at hand, by simply letting B = I, and since b > 0, then

B~ 'b = b > 0. Otherwise, something else must be done.

Example 1.
a. Consider the following constraints:

x;+ 2x, <4
x;, Xx,20

After adding the slack variables x; and x,, we get

x1+ 2x2+X3 =4
X1s X3, X3, X4> 0

An obvious starting basic feasible solution is given by x, =[

_|*1qi_10
w —[Xz} -6}
b. Consider the following constraints:

x, +x, +x;€6

- 2x,+ 3x,+ 2x,> 3

Note that x, is unrestricted. So the change of variable x, =

constraints in standard form:

X3
X

)

4
1

} and

— x, is made.
Also the slack variables x, and x5 are introduced. This leads to the following
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— Dx* = . =
2x +2x;7 +3x,4+2x, xs =13
+ —_
X, Xy, Xy X3 X, X520

Note that the constraint matrix does not contain an identity and no obvious
feasible basis B can be extracted.
¢. Consider the following constraints:

x1+x2_ 2X3< _3
—2x;+x,+ 3x;< 7
Xy, Xy, X320

Since the right-hand side of the first constraint is negative, the first inequality
is multiplied by —1. Introducing the slack variables x, and x; leads to the
following system:

—X; =Xy + 2x3—x, =3
—2x; +x,+3x5 +x5=7
Xy Xy X3 XgXg 2 0

Note again that this constraint matrix contains no identity.

Artificial Variables

After manipulating the constraints and introducing slack variables, suppose that
the constraints are put in the format Ax = b, x > 0 where A is an m X n matrix
and b > 0is an m vector. Further suppose that A has no identity submatrix (if A
has an identity submatrix then we have an obvious starting basic feasible
solution). In this case we shall resort to artificial variables to get a starting basic
feasible solution, and then use the simplex method itself to get rid of these
artificial variables.

To illustrate, suppose that we change the restrictions by adding an artificial
vector x, leading to the system Ax +x,=b, x >0, x, > 0. Note that by
construction, we forced an identity matrix corresponding to the artificial vector.
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This gives an immediate basic feasible solution of the new system, namely
x, =band x = 0. Even though we now have a starting basic feasible solution,
and the simplex method can be applied, we have in effect changed the problem.
In order to get back to our original problem, we must force these artificial
variables to zero, because Ax = b if and only if Ax + x, = b with x, = 0. In
other words, artificial variables are only a tool to get the simplex method started,
but we must guarantee that these variables will eventually drop to zero.

At this stage, it is worthwhile to note the difference between slack and
artificial variables. A slack variable is introduced to put the problem in equality
form, and the slack variable can very well be positive, which means that the
inequality holds as a strict inequality. Artificial variables, however, are not

legitimate variables, and they may be introduced to facilitate the initiation of the
simplex method. These artificial variables, however, must eventually drop to
zero in order to attain feasibility in the original problem.

Example 2.
Consider the following constraints:

X, + 2x, 2

— 3x, + 4x,

\Y%

2x, + x; €

e SN« R U TR -

\Y

X1y X2

Introducing the slack variables x., x,, and x5, we get

X, + 2xy —x, =4

— 3x, + 4x, - X4 =35
2x, + x, +x5;=06
X, Xy X3, X4 X520

This constraint matrix has no identity submatrix. We can introduce three
artificial variables to obtain a starting basic feasible solution. Note, however,
that x, appears in the last row only, and it has coefficient 1. So we only need to
introduce two artificial variables x, and x,, which leads to the following system.
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Legitimate variables Artificial variables
— 3x,+4x, — X, +x,=5
2x,+ x, + x5 =
Xy, X9 ,X3,X4,Xs5, Xg Xy >0

Now we have an immediate starting basic feasible solution of the new system,
namely x; = 6, x, = 4, and x, = 5. The rest of the variables are nonbasic and
have value zero. Needless to say, we eventually would like for the artificial
variables x4 and x, to drop to zero.

A) The Two-phase method

There are various methods that can be used to eliminate the artificial variables.
One of these methods is to minimize the sum of the artificial variables, subject to
the constraints Ax + x, = b, x > 0 and x, > 0. If the original problem has a
feasible solution, then the optimal value of this problem is zero, where all the
artificial variables drop to zero. More importantly, as the artificial variables
drop to zero, they leave the basis, and legitimate variables enter instead.
Eventually all artificial variables leave the basis (this is not always the case,
because we may have an artificial variable in the basis at level zero; this will be
discussed later in greater detail). The basis then consists of legitimate variables.
In other words, we get a basic feasible solution of the original system Ax = b,
x > 0, and the simplex method can be started with the original objective cx. If,
on the other hand, after solving this problem we have a positive artificial
variable, then the original problem has no feasible solutions (why?). This
procedure is called the two-phase method. In the first phase we reduce artificial
variables to value zero, or conclude that the original problem has no feasible
solutions. In the former case, the second phase minimizes the original objective
function starting with the basic feasible solution obtained at the end of the phase
I. The two-phase method is outlined below.

Phase |

Solve the following linear program starting with the basic feasible solution x = 0
and x, = b.

Minimize 1x,

Subjectto Ax+x,=b
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If at optimality x, 5 0, then stop; the original problem has no feasible solutions.
Otherwise let the basic and nonbasic legitimate variables be x; and x,. (We are
assuming that all artificial variables left the basis. The case where some artificial
variables remain in the basis at zero level will be discussed later.) Go to phase II.

Phase I

Solve the following linear program starting with the basic feasible solution
Xz =B 'band x, = 0.

Minimize  ¢px; + cyXy

Subjectto  x, + B™'Nx,=B~'b

Xg, Xy=>0
The optimal solution of the original problem is given by the optimal solution of
the foregoing problem.
Example 3.
Minimize x;—2x,

SUbjeCt to X1 + Xy >2

—'x1+ .X2>1
X, <3
X1, X220

The feasible region and the path taken by phase I and phase II to reach the
optimal point are shown in Figure 4.1. After introducing the slack variables x,
X4 X5, the following problem is obtained.

Minimize x,—2x,

Subject to  x;+ x;—x; =2
—-x+ X — X4 =1

X5 +x5=3

X1, X3, X3, X4, X520

An initial identity is not available. So introduce the artificial variables x, and x,
(note that the last constraint does not need an artificial variable). Phase I starts
by minimizing x4 = x, + x-.
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Xy
Figure 3.6.1 Example of two-phase method
PHASE |
ARTIFICIALS
)CO xl x2 X3 x4 XS .x6 x7 RHS
1 0 0 0 0 0 -1 -1 0
0 1 1 -1 0 0 1 0 2
0 -1 1 0 -1 0 0 1 1
0 0 1 0 0 1 0 0 3

X X X X3 X4 Xs Xg Xq RHS
x | 1 o 2 -1 -1 0 0 0 3
xg | 0 11 =1 0o 0 1 2
< | o -1 Q@ 0 -1 0 0 1 1
xs | 0 0 1 0 0o 1 0 0| 3
Xo X1 X5 X3 X4 Xs Xg Xo RHS
Xg 1 2 0 -1 1 0 0o -2
x¢ | O @ o -1 1 0 1 =1
x2 | 0ol =1 1 0o -1 0 0
xs | 0 1 0 0 1 0 - 2
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X0 X Xy x3 X4 Xs Xg X—,. RHS
X, 1 0 0 0 0 0 -1 -1 0
x| O I 0 -3 ;0 R B
x, 0 0 1 —1 -1 0 1 ! 3
X 0 0 0 ! L R S 3

This is the end of phase I. We have a starting basic feasible solution,
(x1, x3) = (3, %). Now we are ready to start phase II, where the original
objective is minimized starting from the extreme point (%, %) (see Figure 4.1).
The artificial variables are disregarded from any further consideration.

PHASE Il
z X X, X3 Xy Xs RHS
1 -1 2 0 0 0 0
0 1 0 -1 3 0 3
0 0 1 -3 — 1 0 s
0 0o } P ;

Multiply rows 1 and 2 by 1 and —2 respectively and add to row 0 producing

Zp— € =2, — ¢, = 0.

z X Xy X3 X4 X RHS

z 1 0 0 ! 3 0 -3

x, | 0 1 0 -1 @) 0 !

X2 0 1 — 3 -3 0 3

X5 0 0 3 3 1 3
z X Xs X3 X4 Xs RHS
z 1 —3 0 2 0 0 -4
X4 0 2 0 -1 1 0 1
X, 0 1 1 -1 0 0 2
xs | 0O -1 0 D 0 1 1
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z X Xy X3 X4 X5 RHS
z 1 —1 0 0 0 -2 By
x, | 0 1 0 0 1 1 2
x, | 0 0 1 0 0 1 3
x; | 0 -1 0 1 0 1 1

Since z; — ¢; < 0 for all nonbasic variables, the optimal point (0, 3) with
objective — 6 is reached. Note that phase T moved from the infeasible point
(0, 0), to the infeasible point (0, 1), and finally to the feasible point (1, 2). From
this extreme point, phase II moved to the feasible point (0, 2), and finally to the
optimal point (0, 3). This is illustrated in Figure 4.1. The purpose of phase I is to
get us to an extreme point of the feasible region, while phase II takes us from
this feasible point to the optimal point.

Analysis of the Two-Phase Method

At the end of phase I either x, 7 0 or else x, = 0. These two cases are discussed
in detail below.

Case A: x, # 0

If x, # 0, then the original problem has no feasible solutions, because if there

is an x > 0 with AX = b, then (:;

and 0(x) + 1(0) = 0 < 1x,, violating optimality of x,.
Example 4. (Empty Feasible Region)
Minimize — 3x,+4x,

) is a feasible solution of the phase [ problem

A

Subject to x;+ x,< 4

2x,+3x,>18

A%
<

X1, X2

The constraints admit no feasible points, as shown in Figure 4.2. This will be
detected by phase I. Introducing the slack variables x; and x,, we get the
following constraints in standard form:

X1+ xp+ x4 = 4
2x,+3x, —x,=18
X1, Xy, X3, X422 0

Since no convenient basis exists, introduce the artificial variable x5 into the
second constraint. Phase I is used to get rid of the artificial.
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Xz

Z
S~
4] \ .

[g]> \/ -

Figure 3.6.2 Empty feasible region

PHASE |

Xp X Xy X3 Xy X5 RHS
1 0 0 0 0 -1 0
0 1 1 1 0 0 4
0 2 3 0 — 1 1 18

Add row 2 to row 0 so that z; — ¢5 = 0 is displayed
X0 X1 Xy X3 Xy X RHS
X 1 2 3 0 -1 0 18
X3 0 1 O 1 0 0 4
X5 0 2 3 0 — 1 1 18
X X X, X3 X4 Xs RHS
X 1 -1 0 -3 — 1 0 6
X, 0 1 1 1 0 0 4
Xs 0 -1 0 -3 -1 1 6

The optimality criterion of the simplex method, namely z; — ¢; < 0, holds for all
variables; but the artificial x; > 0. We conclude that the original problem has
no feasible solutions.

B) The Big-M method

Recall that artificial variables constitute a tool that can be used to initiate the
simplex method. However, the presence of artificial variables at a positive level,
by construction, means that the current point is an infeasible solution of the
original system. The two-phase method is one way to get rid of the artificials.
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However, during phase I of the two-phase method the original cost coefficients
are essentially ignored. Phase I of the two-phase method seeks any basic feasible
solution, not necessarily a good one. Another possibility for eliminating the
artificial variables is to assign coefficients for these variables in the original
objective function in such a way as to make their presence in the basis at a
positive level, very unattractive from the objective function point of view. To
illustrate, suppose that we want to solve the following linear programming
problem, where b > 0.

Minimize e¢x

Subject to Ax=Db
x>0

If no convenient basis is known, we introduce the artificial vector x,, which
leads to the following system:

Ax + x,=b

X, x,> 0

The starting basic feasible solution is given by x, = b and x = 0. In order to
reflect the undesirability of a nonzero artificial vector, the objective function is
modified such that a large penalty is paid for any such solution. More specifi-
cally consider the following problem.

Minimize cx+M1x,

Subject to Ax+x,=b

x, x 20

a

where M is a very large positive number. The term M 1x, can be interpreted as a
penalty to be paid by any solution with x, 7 0. Even though the starting
solution x = 0, x, = b is feasible to the new constraints, it has a very unattrac-
tive objective value, namely M 1b. Therefore the simplex method itself will try to
get the artificial variables out of the basis, and then continue to find the optimal
solution of the original problem.

The big-M method is illustrated by the following numerical example.
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Example 5.

Minimize x,—2x,

Subjectto x;+ x,>2

x,<3
Xy, x,20

This example was solved earlier by the two-phase method (Example 4.3). The
slack variables x;, x,, x5 are introduced and the artificial variables x; and x, are
incorporated in the first two constraints. The modified objective function is
z =X, —~2x; + Mxs + Mx,, where M is a large positive number. This leads to
the following sequence of tableaux.

z X1 Xy X3 Xy X5 Xg X5 RHS
1 -1 2 0 O 0 - M -M 0
0 1 1 -1 0O 0 1 0 2
0 -1 1 0 -1 © 0 1 1
0 0 1 0 0 1 0 0 3
Multiply rows 1 and 2 by M and add to row 0.
z X, X5 X5 X, Xs Xg X RHS
z 1 -1 242M -M -M 0 0 0 IM
X, 10 1 1 -1 0 0 1 0 2
x, 10 -1 @ 0 -t 0 0 1 1
x5 | O 0 1 0 0 1 0 0 3
z X X5 X4 X4 Xs Xg X RHS
z 1 1+2M 0O —-M 2+M O 0 -2-2M | —-2+M
xg | 0 @ 0 -1 1 0 1 -1 1
X, | 0 -1 1 0 -1 0 0 1 1
x5 | O 1 0 0 1 1 0 -1 2
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z X, Xy X X4 X5 Xg X5 RHS

: 1] o o ! 3 0 —i-M -I-mM| -3
x| 0 1 0 _% @ 0 % '% %
[0 0 1 -5 -3 0 ; 3 :
1 3

xs | O 0 0 3 1 1 -3 2 3
z X Xy X5 X4 X5 X X5 RHS

z [ 17 -3 0 2 0 0 -2-M -M | —4
x, | 0 2 0 -1 1 0 1 -1 1
x, | 0 1 =1 0 0 1 0 2
s |0 -1 0o (1) o 1 -1 0 1
z X Xy X X4 X5 Xg X5 RHS
1, -1 0 0 0 -2 - M -M | -6
X, | 0 1 0 0 1 1 0 -1 2
x, {0 0o 1 0 0 1 0 0 3
x3 [0 -1 0 1 0 1 -1 0 1

Since z; — ¢; < 0 for each nonbasic variable, the last tableau gives the optimal
solution. The sequence of points generated in the (x,x,) space is illustrated in
Figure 4.3.

*

Figure 3.6.3 Example of the Big-M method
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Analysis of the Big-M Method

We now discuss in more detail the possible cases that may arise while solving the
big-M problem. The original problem P and the big-M problem P (M) are
stated below, where the vector b is nonnegative.

Problem P: Minimize c¢X

Subject to Ax =b

x 20
Problem P(M): Minimize cx +M1x,

Subjectto Ax +x, =b

Since problem P (M) has a feasible solution (say x = 0 and x, = b), then while
solving it by the simplex method one of the following two cases may arise.

1. We shall arrive at an optimal solution of P(M).
2. Conclude that P (M) has an unbounded optimal solution, that is, z —» — co.

Of course, we are interested in conclusions about problem P and not P(M).
The following analysis will help us to draw such conclusions.

Case A: Finite Optimal Solution of P (M).

Under this case, we have two possibilities. First, the optimal solution to
P (M) has all artificials at value zero, and second, not all artificials are zero.
These cases are discussed below.

Subcase A1: (x*, 0) is an optimal solution of P (M).

In this case x* is an optimal solution to problem P. This can be easily verified
as follows. Let x be any feasible solution to problem P, and note that (x, 0) is a
feasible solution to problem P(M). Since (x* 0) is an optimal solution of
problem P (M), then cx* + 0 < ex + 0, that is, ex* < cx. Since x* is a feasible
solution of problem P, then x* is indeed an optimal solution of P. This case was
illustrated by Example 4.6 above.

Subcase A2: (x*, x*) is an optimal solution of P (M) and x; # 0.

If M is a very large positive number, then we conclude that there exists no
feasible solution of P. To illustrate this case, suppose on the contrary that x was
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a feasible solution of P. Then (x, 0) would be a feasible solution of P(M) and
by optimality of (x*, x*) we have
ex*+ MIx} < cx + 0 =cx

Since M is very large, x* > 0 and x} % 0, and since x} corresponds to one of

the finite number of basic feasible solutions, the preceding inequality is impossi-

ble (why?). Therefore x could not have been a feasible solution of P. A formal
Example 5. (No feasible solution)

Minimize — x, —3x,+ x;

Subject to  x;+ x,+2x;< 4

— X, + x;2> 4
xy32 3
Xy, X X320

Introduce the slack variables x,, x5, and x4 Also, introduce the two artificial
variables x, and x4 for the last two constraints with cost coefficients equal to M.
This leads to the following sequence of tableaux.

z X X5 X3 X4 Xs Xg X7 Xg  RHS
1 1 3 -1 0 0 0 - M —M 0]
0 1 1 2 1 0 0 0 0 4
0| —1 0 1 0 -1 0 1 0 4
0 { 0 0 1 0 0 —1 0 1 3
Multiply rows 2 and 3 by M and add to row 0.
z X X5 X3 X4 X5 Xg X5 Xg  RHS
z |1 1-M 3 —1+2M 0 -M -M O 0| 7M
x, |0 1 1 @ 1 o o 0 0| 4
x, 0] =1 0 l 0 —1 0 1 0 4
xg | 0 0 0 1 0 0 -1 0 1 3
z X1 X4 X5 X3 Xs Xe X4 Xg RHS
z (13-2M I-M 0O i-M -M —-M 0O 0 1243M
x50 L i 1 L 0 0 0 0 2
x, |0 —3 -3 o -5 -1 0 1 0 2
xglo| =1 1 o -1 o -1 o 1] 1
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Since M > 0 is very large, then z; — ¢; < 0 for all nonbasic variables; that is,
the simplex optimality criteria hold. Since the artificials x, and x, still remain in
the basis at a positive level, then we conclude that the original problem has no
feasible solutions.

Case B: P(M) has an unbounded optimal solution, that is, z — — 0.

Suppose that during the solution of the big-M problem, the updated column
y, is < 0, where the index k is that of the most positive Z; — ¢ Then problem
P (M) has an unbounded optimal solution. In the meantime, if all artificials are
equal to zero, then the original problem has an unbounded optimal solution.
Otherwise, if at least one artificial variable is positive, then the original problem
is infeasible. These two subcases are discussed in more detail below.

Subcase Bl : z, — ¢, = Maximum (z;, — ¢) > 0, y, < 0, and all artificials are equal
to zero.

In this case we have a feasible solution of the original problem. Furthermore,
since problem P (M) is unbounded, then there is a direction, (d,, d,) > (0, 0) of
the set {(x, x,) : Ax + x, = b, x > 0, x, > 0} such that ed, + M 1d, < O (recall
that this is the necessary and sufficient condition for unboundedness of P (M )).
Since M is very large and d, > 0, then c¢d; + M 1d, < O implies that d, = 0 and
hence e¢d; < 0. Thus we have found a direction d, of the set {x : Ax = b, x > 0}
such that ed;, < 0 (why?). This implies that problem P has an unbounded
optimal solution.

2

E

.C/2020G.C
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Example 6.
Minimize —x;—x,
Subject to X=Xy X3 =1

—x,+x,+2x3— x,= 1

'xl’ X2, X3, )C4> 0

Introduce the artificial variables x5 and x, with cost coefficient M. This leads to
the following sequence of tableaux.

Zz Xy Xy X3 X4 X5 Xg RHS
B 1 1 1 ] 0 —-M — M 0

) 1 — — 1 0 1 0 1

0] —1 1 2 —1 0 1 1

z X, Xy X3 X4 X5 X¢  RHS
z | 1 1 M -M 0 0 DM
xs | 0 1 -1 -1 0o - 1 0 1
xg | 0| —1 L @ -1 0 1|
2 xl X2 .XJ X4 x5 x6 RHS

T
<
T
=
<o
|

<
<
|

<

b
Lh
o
M= N
o
M= M|
[u—
= =
N—= W

z Xy X2 X3 X4 X5 Xe  RHS
z 1 0 2 0 1 -M-=2 -M-1-3
x; | 0 1 -1 0 -1 2 1| 3
X | 0 0 o 1 -1 1 1| 2

The most positive z; — ¢; corresponds to x, and y, < 0. Therefore the big-M
problem is unbounded. Furthermore, the artificial variables x; and x, are equal
to zero, and hence the original program has an unbounded optimal solution

along the ray {(3,0,2,0) + A(1, 1,0,0) : A > 0}.
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CHAPTER THREE: Duality Theory and further variations of the simplex
method
3.1. Dual linear programs

For every linear program there is another associated linear program. This new
linear program satisfies some very important properties. It may be used to
obtain the solution to the original program. Its variables provide extremely
useful information about the optimal solution to the original linear program. To
distinguish points of view in this and subsequent chapters we shall call the
original linear programming problem the primal (linear programming) problem.

We shall begin by formulating this new linear program, called the dual (linear
programming) problem, and proceed to develop some of its important proper-
ties. These properties will lead to two new algorithms, the dual simplex method
and the primal-dual algorithm, for solving linear programs. Finally, we shall
discuss the effect of variation in the data, that is, the cost coefficients, the
right-hand-side coefficients, and the constraint coefficients on the optimal
solution to a linear program.

3.1.1. Formulation of the dual problem

Associated with each linear programming problem there is another linear
programming problem called the dual. The dual linear program possesses many
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important properties relative to the original primal linear program. There are
two important forms (definitions) of duality: the canonical form of duality and
the standard form of duality. These two forms are completely equivalent.

Canonical Form of Duality

Suppose that the primal linear program is given in the form:
P; Minimize cx
Subject to Ax> b
x>0
Then the dual linear program is defined by:

D: Maximize wb

Subject to wA < ¢

w20

Note that there is exactly one dual variable for each primal constraint and
exactly one dual constraint for each primal variable. We shall say more about
this later.

Example 1.
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Consider the following linear program and its dual.
P: Minimize 6x,+8x,

Subject to 3x,+ x,> 4

S5x,+2x,2 7

D: Maximize 4w,+7w,

Subject to 3w, +5w,< 6
w,+2w,< 8

0

Y,

Wi, Wy

Before proceeding further, try solving both, problems and compare their optimal
objective values. This will provide a hint of things to come.

In the canonical definition of duality it is important for problem P to have a
“Minimization” objective with all “greater than or equal to” constraints and all
“nonnegative’” variables. In theory, to apply the canonical definition of duality
we must first convert the primal linear program to the foregoing format.
However, in practice it is possible to immediately write down the dual of any
linear program. We shall discuss this shortly.

Standard Form of Duality

Another equivalent definition of duality applies when the constraints are equahi-
ties. Suppose that the primal linear program is given in the form:

P: Minimize c¢x

Subject to Ax= b

x>0
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Then the dual linear program is defined by:
D: Maximize wh
Subject to wA <c¢

w unrestricted

Example 2.
Consider the following linear program and its dual.
P: Minimize 6x,+ 8x,
Subject to 3x,+ x,— x5 =4

X1, X, X5, Xg4=0
D: Maximize 4w,+ 7w,

Subject to 3w, + Sw, <6

w,+ 2w, <8

Wy, w, unrestricted

Given one of the definitions, canonical or standard, it is easy to demonstrate
that the other definition is valid. For example, suppose that we accept the
standard form as a definition and wish to demonstrate that the canonical form is
correct. By adding slack variables to the canonical form of a linear program, we
may apply the standard form of duality to obtain the dual problem.

P: Minimize c¢x D: Maximize wb
Subject to Ax —Ix,= b Subjectto WA < ¢
X, Xx,20 -wl< 0

w  unrestricted
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But since —wl < 0 is the same as w > 0, we obtain the canonical form of the
dual problem.

Dual of the Dual

Since the dual linear program is itseif a linear program, we may wonder what its
dual might be. Consider the dual in canonical form:

Maximize wbh

Subject to wA < ¢

w>0

Applying the transformation techniques of Chapter 1, we may rewrite this
problem in the form:

Minimize (—b‘)w'
Subject to (—AYw' > (—¢)
w> 0

The dual linear program for this linear program is given by (letting x* play the
role of the row vector of dual variables):

Maximize x'(—c)
Subject to x'(—A") <(—Db)
x>0
But this is the same as
Minimize c¢x
Subject to Ax>b
x>0

which is precisely the original primal problem. Thus we have the following
lemma.
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Lemma 1

The dual of the dual is the primal.

This lemma indicates that the definitions may be applied in reverse. The
terms “primal” and “dual” are relative to the frame of reference we choose.

Mixed Forms of Duality

In practice, many linear programs contain some constraints of the “less than or
equal t0” type, some of the “greater than or equal to” type and some of the
“equal to” type. Also, variables may be “> 0,” “< 0,” or “unrestricted.” In
theory, this presents no problem since we may apply the transformation tech-
niques of Chapter 1 to convert any “mixed” problem to one of the primal or
dual forms discussed above, after which the dual can be readily obtained. In
practice such conversions can be tedious. Fortunately, it is not necessary
actually to make these conversions, and it is possible to give immediately the
dual of any linear program.
Consider the following linear program.

Minimize c¢x

Subject to A x > b,
A,x=b,
A;x<h,

x>0
Converting this problem to the standard format, we get

Minimize  ¢x

Subject to A x—1Ix, = b,
A,x =b,
Ax +1Ix,= b,

The dual of this problem is

Maximize wb,+ w,b,+ w;b;,
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Subject to w A, +W,A,+W;A,<c

N

0

PAN

w;l
w,, W,, w; unrestricted

From this example we see that “greater than or equal to” constraints in the
minimization problem give rise to “> 0 variables in the maximization problem.
Also, “equal to” constraints in the minimization problem give rise to “unre-
stricted” variables in the maximization problem; and “less than or equal to”
constraints in the minimization problem give rise to “< 0” variables in the
maximization problem. In Exercise 6.5 we ask the reader to consider the various
cases for variables and constraints in the minimization problem and their
counterparts in the maximization problem. The complete results may be
summarized in Table 6.1.

Table 6.1 Relationships Between Primal and Dual Problems

MINIMIZATION MAXIMATION

" PROBLEM PROBLEM f’a’
Q) - w—
= >0 > < £
= <0 — > > §
- Unrestricted «— > = S
ch el

E 5 — > >0 3
Z < —> <0 5
g = —> Unrestricted =
@) >

We may utilize this table to develop the dual of any linear program without
first transforming it to the standard or canonical forms.

Example 3.
Consider the following linear program.

Maximize 8x, + 3x,

Subject to x, —6x, >

Sx,+7x,= —4

]
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Applying the results of the table, we can immediately write down the dual.
Minimize  2w,—4w,

Subject to w, +5w, < 8
- 6w, +7w, > 3
W <0

w, unrestricted

3.2. Primal-Dual relationships

The definition we have selected for the dual problem leads to many important
relationships between the primal and dual linear programs.

The Relationship Between Objective Values

Consider the canonical form of duality and let x, and w, be feasible solutions to
the primal and dual programs respectively. Then Ax, > b, x, > 0, w,A < ¢, and
w, > 0. Multiplying Ax, > b on the left by wy > 0 and wyA < ¢ on the right by
Xg = 0, we get

CXy 2> WoAXg > wob

The result is the following.

Lemma 2

The objective function value for any feasible solution to the minimization
problem is always greater than or equal to the objective function value for any
feasible solution to the maximization problem. In particular, the objective value
of any feasible solution of the minimization problem gives an upper bound on
the optimal objective of the maximization problem. Similarly, the objective value
of any feasible solution of the maximization problem is a lower bound on the
optimal objective of the minimization problem.

The following corollaries are immediate consequences of Lemma 2.
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Corollary 1

If x, and w, are feasible solutions to the primal and dual problems such that
cx, = wyb, then x;, and w, are optimal solutions to their respective problems.

Corollary 2

If either problem has an unbounded objective value, then the other problem
possesses no feasible solution.

This corollary indicates that unboundedness in one problem implies infeasi-
bility in the other problem. Is this property symmetric? Does infeasibility in one
problem imply unboundedness in the other? The answer is “not necessarily,”
This is best illustrated by the following example.

Example 4.
Consider the following primal and dual problems.

P: Minimize — x, —x,

Subject to  x;,—x,>1
X, X520
D: Maximize w,+w,
Subject to  w,—w,<—1

—w tw, < —1

w;, w2 O

Upon graphing both problems (in Figure 6.1) we find that neither problem
possesses a feasible solution.

Theorem 1 (Fundamental Theorem of Duality)

With regard to the primal and dual linear programming problems, exactly one of
the following statements is true.
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1. Both possess optimal solutions x* and w* with cx* = w*b.
2. One problem has unbounded objective value, in which case the other

problem must be infeasible.

3. Both problems are infeasible.

From this theorem we see that duality is not completely symmetric. The best
we can say is that (here optimal means finite optimal, and unbounded means
having an unbounded optimal objective):

P OPTIMAL <
P UNBOUNDED =
D UNBOUNDED =
P  INFEASIBLE =
D INFEASIBLE =

D

D
P
D
P

OPTIMAL

INFEASIBLE

INFEASIBLE

UNBOUNDED OR INFEASIBLE
UNBOUNDED OR INFEASIBLE

3.3.  The Dual Simplex method

In this section we describe the dual simplex method, which solves the dual
problem directly on the (primal) simplex tableau. At each iteration we move
from a basic feasible solution of the dual problem to an improved basic feasible
solution until optimality of the dual (and also the primal) is reached, or else until
we conclude that the dual is unbounded and that the primal is infeasible.

Interpretation of Dual Feasibility on the Primal Simplex Tableau

Consider the following linear programming problem.

Minimize e¢x

*Subject to Ax >b

x>0

Let B be a basis that is not necessarily feasible and consider the following

tableau.
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SLACK VARIABLES

— e N -
Z X] x2 Xn ’xn+l o 'xn+m RHS
T =
V4 Pl % zl - Cl Z2 6‘2 zn - cn l‘Zn+] - cn+l zn+m - cn+m cBb
; f -
Xp, l Y1 Y12 Yin 0 Yin+d T Yi,ntm b
Xp, } Y Y Yon : Yo n+l T Y2, n+m b,
. - 1 . .
X : : : : | .
-me 0 Ymi Ym2 T Ymn ! ym,n+] T ym,n+m bm
The tableau presents a primal feasible solution if b_ Ofori=1,2,...,m;
that is, if b = B~ 'b > 0. Furthermore, the tableau is Optrmal if z; —¢; <0 for
j=12,...,n+ m Definew=c;B” ' Forj=1,2,. nwehave
1
z;— ¢, =cgB 'a, — ¢, =wa — ¢
Hence z; —¢; <0 for j=1,2,...,n implies that wa, —¢; <0 for j =
1,2,....,n, wh1ch in turn 1mp11es that wA < ¢ Furthermore note that a,, ; =
—e, andc,,+, =0fori=1,2,..., mand so we have
zn+i — Cuy =wa,., T Cpyi
=w(—e;) — 0
=—w i=12...,m
In addition, if z,, ;, - n+, <0 for i=1,2,...,m, then w; >0 for /=
1,2,...,m and so w > 0. We have just shown that z;—¢; <0 for j=
1,2,..., n+ m implies that wA < ¢ and w > 0, where w = cBB_1 In other

words dual feasibility is precrsely the simplex optimality criteria z;, — ¢; < O for
all j. At optimality w* = ¢;B~' and the dual objective w*b = (cB *l)b =
cxB7'b) = ¢ ;b = z*; that is, the primal and dual objectives are equal. Thus we
have the following result.

Lemma 4

At optimality of the primal minimization problem in the canonical form (that is,
z; = ¢; < 0 for all j), w* = ¢;B™" is an optimal solution to the dual problein.
Furthermore w* = —(z,,, —¢,,,) = — z,,,fori=1,2,...,m
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The Dual Simplex Methed

Consider the following linear programming problem.
Minimize c¢x

Subject to Ax=Db

x>0

In certain instances it is difficult to find a starting basic solution that is
feasible (that is, all 4, > 0) to a linear program without adding artificial
variables. In these same instances it is often possible to find a starting basic, but
not necessarily feasible, solution that is dual feasible (that is, all z; — ¢; < 0 for a
minimization problem). In such cases it is useful to develop a variant of the
simplex method that would produce a series of simplex tableaux that maintain

dual feasibility and complementary slackness and strive toward primal feasibil-
ity.

z X X; Xy X, RHS
z |1 z;y—¢ z; = ¢ Zp — z, — ¢, cgb
XB, Yu Y Yik Yin 1
XB, 0 Y21 T Y2y T Yok T Yan 2
xB, 0 Yrl .yrj ) @ : Yrn br
xB,,, 0 ‘ Ymi P ymj o Ymik T Ymn bm

Consider the above tableau representing a basic solution at some iteration.
Suppose that the tableau is dual feasible (that is, z; ~ ¢; < 0 for a minimization
problem). Then, if the tableau is also primal feasible (that is, all b, > 0) then we
have the optimal solution. Otherwise, consider some b, < 0. By selecting row r
as a pivot row and some column & such that y,, < 0 as a pivot column we can
make the new right-hand side 4, > 0. Through a series of such pivots we hope to
make all b, > 0 while maintaining all z; — ¢; < 0 and thus achieve optimality.
The question that remains is how do we select the pivot column so as to
maintain dual feasibility after pivoting. The pivot column & is determined by the
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following minimum ratio test.

zZ, — ¢ Z, — C;
a £ = minimum{ T 1y, < O] (6.1)
Yek J r

Note that the new entries in row O after pivoting are given by:

;o r
(z, —¢) =(z;—¢) — y (zx — )
rk

If y,; > 0, and since z; — ¢, < 0 and y, <0, then (»,;/y, Nz — ¢,) > 0 and
hence (z; — ¢;) < z; — ¢;. Since the previous solution was dual feasible, then
z; — ¢ < 0 and hence (zj. - cj)’ < 0. Now consider the case where Yy < 0. By

6.1 we have:

Muitiplying both sides by y,; < 0, we get (z; — ¢;) — (¥,;/¥)(zx — ¢,) <0, that
is, (z; — ¢,y < 0. To summarize, if the pivot column is chosen according to
Equation (6.1), then the new basis obtained by pivoting at y,, is still dual
feasible. Moreover, the dual objective after pivoting is given by ¢;B~'b — (2, —
e )b, /v, Since z, — ¢, <0, b, <0, and y, <0, then —(z, — ¢,)b, /¥, > 0
and the dual objective improves over the current value of c,B~'b = wh.

We have just described a procedure that moves from a dual basic feasible
solution to an improved (at least not worse) basic dual feasible solution. To
complete the analysis we must consider the case when y,; > 0 for all j and hence
no column is eligible to be the pivot column. In this case the ith row reads:
2 VX = b_, Since y,, > O for all j and x; is required to be nonnegative, then
2,y,x; > 0 for any feasible solution. However, b, < 0. This contradiction shows
that the primal is infeasible and the dual is unbounded (why?). In Exercise 6.31
we ask the reader to show directly that the dual is unbounded by constructing a
direction satisfying the unboundedness criterion.

Summary of the Dual Simplex Method (Minimization Problem)

INITIALIZATION STEP

Find a basis B of the primal such that z;— ¢, =¢zB7'a; — ¢, < 0 for allj (in
Section 6.6 we describe a procedure for fmdmg such a bas1s if it is not
immediately available).
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MAIN STEP

I.Ifb=B 'b >0, stop; the current solution is optimal. Otherwise select the

pivot row r with b, < 0, say b, = Minimum {4,}.
2. If y,; > O for allj, stop; the dual is unbounded and the primal is infeasible.
Otherwise select the pivot column k by the following minimum ratio test:

= Minimum
Yk J

2 T G [zj_cj_y <O}
]

I
3. Pivot at y,, and return to step 1.

Example 1.

Consider the following problem.
Minimize 2x;+3x,+4x,

Subject to x,+2x,+ x;>3
2x,— x,+3x;>4

X1,  Xp, X320

A starting basic solution that is dual feasible can be obtained by utilizing the
slack variables x, and x,. This results from the fact that the cost vector is
nonnegative. Applying the dual simplex method, we obtain the following series
of tableaux.

z X, X, X5 X, X RHS
2 I | -2 -3 -4 0 0 0
X4 0 | —1 —2 “1 1 o | -3
x5 0 @ 1 -3 0 1| -4

z Xy X, X4 X4 Xs RHS
z 1 0o -4 -1 0 —1 4
X, 0 0 @ ! [ S
X 0 -3 3 0 -3 | 2
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z X, X5 X5 X, Xs RHS
9 8 1 28
z 1 0 0 -3 —s ~ 5
n 2 1 2
) 0 0 1 3 5 5 5
7 1 2 11
X, 0 0 3 3 -3 5

Since b > 0 and z; — ¢, < 0 for all , the optimal primal and dual solutions are

at hand. In particular,

Note that wi and w3 are respectively the negatives of the z, — ¢; entries under
the slack variables x, and x,;. Also note that in each subsequent tableau the
value of the objective function is increasing, as it should, for the dual (maximiza-

tion) problem.



